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PREFACE. 

The following pages are specially intended for use in 
Schools. In the choice of matter I have been chiefly guided 
by the requirements of the three days' Examination at Cam- 
bridge, with the exception of proportional parts in logarithms, 
which I have omitted. In one point, I have ventured to de- 
viate from the usual custom. I have denoted angles through- 
out by the Greek characters, even before the explanation of 
circular measure. My reasons for doing so were chiefly two ; 
first, that they are much more distinctly and easily written, 
and it is advisable that a boy should be accustomed in the 
text to the notation he uses on his paper; secondly, I am 
thus enabled to insert the algebraical symbols for the angles 
in the figures, a very gr^a?t' advantage in such propositions 
as that proved in Art. 27. I have. added about 400 exam- 
ples mainly collected from ^ the Examination Papers of the 
last ten years, and I have taken 'great pains to exclude 
from the body of the work any which might dishearten a 
beginner by their difficulty. 

In conclusion, I must express my great obligations to my 
friend the Eev. E. B. Mayor, of Eugby. Without his kind 
encouragement I should not have ventured to have offered 
these pages to the public; and I am indebted to him, not 
only for many valuable suggestions, but for a careful revision 

of the whole work. 

E. D. BEASLET. 

St John's Collsob, Cambridge, 
September, 1858. 
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PLANE TRIGONOMETRY. 



SECTION I. 

UNITS OF MEASUKEMENT. USE OF SIGNS + AND -• MEANING 
OF THE TERM " ANGLE" IN TRIGONOMETRY. THE TRIGO- 
NOMETRICAL RATIOS. PRACTICAL APPLICATION. INSTRU- 
MENTS FOR SURVEYING. 

1. Object of Trigonometry. In Trigonometry we apply Alge- 
braical symbols to establish certain relations between tne mag- 
nitudes of the sides and angles of plane rectilineal figures. 
These relations are useful for all the higher branches of Mathe- 
matics, and are specially applicable to surveying, and the 
determining the heights and distances of inaccessible objects. 
In the present treatise we shall confine ourselves to the simpler 
relations, and the practical application of them. 

We must first consider the mode of estimating algebraically 
the magnitudes of lines, areas, and angles. 

2. Measurement of lines. As lines have neither breadth 
nor thickness we have only to measure their length. To do 
this we take some standard length, as one foot, one inch, five 
inches, or any other definite length as our unit of measure- 
ment, and the length of any line is then measured and repre- 
sented by the number, whether whole or fractional, of tnese 
units which it contains. Thus if 5 inches is our unit, a line of 
20 inches is measured by the number 4, and is called the line 
4, that is, the line whose length is 4 times the unit of length. 
So also the line a would be the line whose length is a times 
the unit of length. 

In investigations merely involving algebraical symbols it is 
indifferent what imit is used, only we must be careful to 

B. T. 1 
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remember that throughout the same investigation we use the 
same unit. Thus if two lines a, b enter into our calculations, 
we must consider the length of the line a to be a times some 
unit of length, and of the line b tohe b times the same imit. 
When we apply our general results to numerical examples we 
must be careiul to consider the special imit employed. 

3. In the measurement of superficies we take the square 
of which one side is the unit of length, as the unit of super- 
ficies ; and then any area is measurea by the number of these 
units it contains. 

N.B. The area of a rectangle whose sides contain a, b 
linear units respectively, contains ab superficial units. Also 
the areas of a parallelogram and a triangle whose bases are b 

and altitudes a are a5 and ~ respectively. 

4. Measurement of angles. Since the idea of a right angle 
is simple, and all right angles are equal, it is conveniently 
taken as a standard by which to measure the magnitudes of 
other angles. But since from the magnitude of a right angle 
most of the angles we have to deal with would be represented 
by fractions or decimals, it is found convenient to divide it. 

In England we divide the right angle into 90 equal parts 
called degrees ; each degree is divided into 60 minutes ; each 
minute into 60 seconds. Any angle is then measured by the 
number of degrees, minutes, seconds, and decimal parts of a 
second it contains ; an angle containing 27 degrees, 13 minutes, 
24.53 seconds is written thus, 27^ 13', 24".53. 

In France the decimal system is adopted. A right angle 
contains 100 grades, a grade 100 minutes, a minute 100 
seconds; an angle containing 33 grades, 27 minutes, 45.5 
seconds ia written thus, 33^ 27", 45'*.5. The advantage of this 
system is, that any angle can be reduced to the decimal of a 
grade at once, and vice versd. Thus 33^ 27\ 45'\5= 33^27455, 
and 27^35679 =27^ 35\ 67^9. 

6. As an illustration of the use of different units, we will 
shew how to change our unit from degrees to grades, and 
vice versd. 



USE OP SIGNS + AND -. 



Let D be the number of degrees in any angle A CB, G the 
number of grades in the same angle ; then since the number of 
degrees in two angles must bear to one another the same ratio 
which the angles themselves do, we have 



for a like reason 



angle ^Cg D ^ 
a right angle ~ 90 ' 

angle ^gjg ^ G , 
a right angle ~ 100 ' 



G 



^®^^ OA ~ 1^ • ^^^ which equation, if we know the num- 

ber of degrees, we can find the number of grades, and vice 
versd. 

6. Use of signs + and — to remes&nt contrariety ofposition. 
In applying Algebra to the solution of Arithmetical J?roblems, 
we frequently meet with negative results, which require inter- 
pretation in each particular case ; we shall meet with similar 
results in Trigonometry ; and the question arises, how are we 
to interpret a negative quantity Tmen it represents a line or 
angle? 

Suppose BAB\ DAU to be two lines at right angles to 
one another and fixed in position. 



-D^ 



- Let AB=a^ BG=b, AC==x; then, representing the rela- 
tion between these lines by Algebraical symbols, we have 



a? = a — J. 



1—2 
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Now 80 long aab<a, xIb positive, and G lies to the right 
of A : but if J > a, a; is neffative, and C lies to the left of A : 
that is, in using Algebraical symbols, if we arrive at a nega- 
tive quantity representing a line, the natural interpretation 
appears to be, that the line must be considered as measured 
in an opposite direction to what it would be if the quantity- 
representing it were positive. Hence we are led to the follow- 
ing convention : any line measured along AB or parallel to 
it, is said to be a positive line, and any line measured along 
AB' or parallel to it is said to be a negative line, and the 
symbol representing it must have the sign — placed before 
it. So also lines measured along AD are positive, and along 
AD' negative. Lines measured in any other direction, not 
parallel to either of these two, will be considered positive. 
The advantage of these conventions will appear to the stu- 
dent as he proceeds. 

7. Magnitudes of angles unlimited in Trigonometry. 




Bi 



In Euclid the magnitude of an angle is the absolute amount 
of the inclination of the two lines which contain it, to each 
other; this amount can never exceed two right angles. In 



complement; supplement. 5 

Trigonometry the idea of an angle Is extended. Suppose 
AOAl to be a line fixed in space, and OP to be a line re- 
volving from its original position OA towards 0-B, and tracing 
out the angle AOP: till OP reaches 0A\ this angle does 
not differ from Euclid's idea of an angle, because it is less 
than two right angles ; but when OP nas passed 0A\ and 
arrived at such a position as OP,, the Trigonometrical idea 
of the angle differs from Euclid's : Euclid would now measure 
the angle A OP^ by the amount of inclination of OP^ to OA, 
that is, he would consider it as less than two right angles; 
but in Trigonometry" we consider it as the angle actually de- 
scribed by the revolving line OP, that is, as 180° +z -4' OPg. 
So also when the revolving line reaches OP^, the Trigonome- 
trical angle ApP^ will be 270* + ^ jB'OP,; and when OP has 
passed its initial position OA and reached OP^ a second time, 
the Trigonometrical angle A OP. will be 360*^ -V ^ A OP. . The 
same pkn for estimating the value of the angle extends to 
any number of revolutions of OP, and thus the magnitude 
of an angle in Trigonometry is unlimited. 

If the line OP on starting from OA had revolved in the 
opposite direction towards 0B\ then in accordance with the 
prmciple laid down in Art. 6, we should have considered 
the angle described as a negative angle ; and we have the 
same convention for angles that we have for lines, viz., that 
angles measured upwards from OA towards OB are positive 
angles, and angles measured downwards from OA to OB are 
negative angles, and have the sign — placed before the symbol 
representing them. 

Ols, Also the space between OA and OB is called the first 
quadrant, and when OP lies between OA and OB, the ande 
A OP is said to be an angle in the first quadrant. So also 
angles AOP^, ^OP^, AOP^ are angles in the second, third, 
and fourth quadrants respectively. 

8. Gomplement; Supplement. The complement of an angle 
is that angle which must be added to it to make it equal to 
a right angle. Thus the complement of 

30' is 60', of 120° is - 30°, of - 75° is 165°. 
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The supplement of an angle is that angle which must be 
added to it to make it equal to two right angles. Thus the 
supplement of, 

30' is 150^ of 220° is - 40', of - 75' is 255'. 

It is evident that in a right-angled triangle, one of the 
acute angles is the complement of the other ; and in any 
triangle any one of the angles is supplementary to the sum of 
the other two. 

4 

9. TrigcmjometricoL BaJdos. Having now shewn how lines 
and angles are to be measured in Trigonometry, and the 
inteipretation which is to be given to the signs jf and —when 
applied to quantities that represent them, we wiU proceed to 
shew how hues are connected with angles : this is done by 
means of what are called Trigonometrical Batios. 

Let the revolving line OP (fig. Art. 7) have come into 
any position OP^, 0P«,...., and from P^, P^, .... , drop the 
perpendiculars Pj^, P^, .... upon the initial line 0-4, or OA 
produced backwards to A!'y the triangles PJS'O^ PJfO, .... 
will be right-angled triangles. We lien have the following 
definitions : 

The ratio of the perpendicular to the hypothenuse is called 
the sine of the angle described : that is, 

OP,' OP^'"" 

are the sines of the angles A OP,, AOP^, .... respectively. 

The ratio of the base to the hypothenuse is called the cosfme 
of the angle, that is, 

ON OM 
OP,' OP^'"" 

are the cosines of -^OP^, AOP^, .... respectively. 

The ratio of the perpendicular to the base, is called the 
tangent of the angle, that is, 
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P,N P^ 
ON' OM'"*' 

axe the tangents oiAOP^j AOP^j ...• respectively. 

The ratio of the base to the perpendictilar is called the 
cotangent of the angle, that is, 

ON OM 
P^N' P,M'"'' 

are the cotangents o{ AOP^, AOP^^ .... respectively. 

The ratio of the hypothenuse to the base is called the secant 
of the angle, that is, 

OP, OP, 
ON' OM' 



•... 



are the secants of -^OP^, A OP,, .... respectively. 

The ratio of the hypothenuse to the perpendicular is called 
the cosecant of the angle, that is, 

OP, OP, 
P,N' P^''**' 

are the cosecants otAOP,, AOP,, .... respectively. 

These definitions are quite independent of the direction 
and number of the revolutions of OP about ; that is, they 
apply to negative angles, and to angles greater than four 
nght angles. 

The Trigonometrical Ratios of any angle a (that is, of any 
angle which contains a degrees, grades, or any other unit we 
may employ) are usually written 

sin a, cos a, tan a, cot a, sec a, cosec a. 

10. The question here naturally arises, are these Trigono- 
metrical ratios definite quantities for anjr riven value of the 
angle, or do they depend upon the magnitude of the revolving 
Ime OP? 



8 
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Let A OP be any angle, i. e. let OP be any position what- 
ever of the revolving line. Take 
Q any point in OP, or OP pro- 
duced; draw PM, QN perpen- 
dicular to OA. 

Then by similar triangles PMO^ 
QNO, 

QN: ON: OQ^PM: OM : OP. 

Hence the Trigonometrical Batios q — j^ ^ M ^ A 

of the angle A OP are the same 

whether we consider OQ or OP the revolving line. 

So also if B8 is perpendicular to OP, we have 
BS: OS: OB = PM: OM : OP. 

Hence we conclude, that, disregarding signsy the values of the 
Trigonometrical Batios are quite independent of the magni- 
tude of the revolving line, and depend only on the absolute 
inclination of the two lines containing the angle to each other; 
and so for a given value of the angle are determinate. 

The converse of this proposition (viz. that for a given value 
of the Trigonometrical Batio, the angle is determinate) is 
only true with certain limitations as wiU appear hereafter. 

Obs. The necessity of the proviso disregarding signs will 
appear on reading the next section. 

11. Let the angle AOP (fig. Art, 7) contain a degrees, 
then P^OBy and OP.N (since they either of them with AOP^ 
make a right angle) contain 90 — a degrees each. Drawing 
P^N' perpendicular to OP, we have by our definitions 

PN' ON 
sinP,OP = ^=-^ = cos^OP„ 

or sin (90® — a) = cos a. 



Again, 



PN' ON 

or tan (90® — a) = cot a, 
so also sec (90® — a) = cosec a, 
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and these equations may be proved to exist for any position 
of the revolving line OP. 

It is from these relations, viz. that the cosine, cotangent, co- 
secant of an angle, are respectively the same as the sine, 
tangent, and secant of the complement, that they derive their 
names. 

From the same relations we also have 

sina = cos(90® — a), 
tan a = cot (90° - a), 
sec a = cosec (90 — a). 

Hence we can always express the Trigonometrical Ratio of 
the complement of an angle in terms of some Trigonometrical 
Ratio 01 the simple angle. 

12. The Trigonometrical Ratios of 30^ 45^ 60°. The cal- 
culation of the values of the Trigonometrical Ratios of all 
angles is a matter of considerable labour, and the processes 
employed to do it will not be described in this treatise, but 
their values may be easily found in some particular cases. 

Let ABC be an isosceles triangle having a right angle at G\ 
then GAB = half a right angle = 45°. 

Let AG=x = BG, 

then AB'=^AG'+BG'=^2a?, 

or AB^x>s/2, 

and we have 

sm45 s=-7^ = 



AB a; V2 V2 ' 

COS45 =-rTi = 




X 



tan 45° = 



AB X'sjl V2 ' 

BG_x_ 
AG^x^^' 
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AC X 



cosec 45° = -^79 = = V 2- 

x>0 a; 

Again, let ABG be an equilateral triangfe, then angle 

ABC = -—^ = 60'. Let -4i) be perpen- 

dicular to 5(7,' then angle 5^i)= 30°. 
Let BD = a?, ^45 = 2x ; then 

or 4a? = ^i>'+a^, 

and therefore AD — x*^S; and we j, 
have, 

AD x^/3 V3 




sin 60°= cos 30° = 



AB 2x 2 ' 



cos 60" = 



. ^^0 BB X 1 
sm30°=3^ = - = ., 



tan 60° = 



^„^o -4i? rrV3 ,« 
cot30° = -g5=-^ = V3, 



cot 60°= tan 30° = ^= ^ 



sec60°=cosec30°=-w^ = — = 2, 



cosec 60°= sec 30° = 



AB 2x 



AD a; V3 V3 ' 



Thus we have found the values of all the Trigonometrical 
Eatios of 30°, 45°, and 60°. 




PEACTICAL APPLICATION. 11 

13. We will now assume that we know the values of the 
Trigonometrical Katios of all angles, as well as of 30°, 45®, 
and 60®, and shew how they may be used to solve many in- 
teresting problems. 

Let ABO be a right-angled triangle, G the right angle, and 
let angles GAB^ UBA contain a®, p* 
respectively. Let the lengths of the 
sides opposite to ^, -B, C? be a, J, c 

respectively. Then sin a — - , or 
a = csina; tan a=T, or a = 5 tan a; 

cos a = - , or & = c cos a ; and similarly other relations may 

be found to exist between the sides and angles of a right- 
angled triangle. The student will best learn by praxjtice to 
apply these relations to solve problems in each particular case ; 
the K)llowing may be taken as an example. 

A person on one side of a river at G wishes to determine 
the height of a tower AB on the 
other side. He observes by an in- 
strument made for the purpose, the 
angle which GA makes with the 
horizontal line CB. (Let this be a). 
He then places a mark at (7, and 
measures the distance GD (a feet) 
at right angles to GB, and when at 
2> he observes the angle ADG (/8 
suppose). He then calculates the 
height of the tower thus; ^ CD is a right-angled triangle, 
ana therefore 

AG=^GDUnADG, or ^(7= a tan /3. 

So also ABG is a right-angled triangle, and therefore 

AB^AGsinAGB^AGsina. 

But AG^a tan /8, 

•'. u4jB=atan/3sina. 
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Hence since we know the values of a, tan /9, sin a, we can cal- 
culate the height of the tower. 

Ex. o = 50 yards, /3 = 45', a = 30°, 

height of tower = 50 x 1 x ^ = 25 yards. 

Similarly we might find the breadth of the river. 

14. The two principal instruments by which observations 
are taken in surveying are the sextant and the theodolite. 
The construction of these instruments depends on certain pro- 
perties of light, the discussion of which falls under the science 
of optics. Sy the sextant we are enabled to observe the angle 
which any two objects subtend at the eye of the observer, as 
for instance the angle ADG in the case above. 

By the theodolite we can observe the elevation of any 
object, that is to say, the angle which the line joining the 
object and the eye of the observer makes with the horizontal 
plane, as the angle AGB in the case above. We can also 
observe the angle which two objects in the same horizontal 

Slane subtend at the eye of the observer ; the sextant might 
this, if we knew that the objects were in the same horizon- 
tal plane ; the theodolite tells us that they are, as well as the 
amount of the angle they subtend. When an object is lower 
than the observer, the angle the line joining it makes with the 
horizontal plane is called its depression. 



EXAMPLES. (A). 
1. Find the number of degrees in the angle IV, 34\ 27^\ 
We have VJ% U\ 2T ^ W. 3427, 

and q7)=Too»^^-^'^:^^ 17.3427 = 15.60843 degrees 

= 15^ 36', 30'^348. Am. \h\ 36', 30".348. 
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2, Construct the angle whose sine is -rjr . 

Take BD (fig. Art. 12) = x, then AD = a? V3 ; with centre B, 
distance AD describe a circle meeting AD in E^ join BE^ then 



jBjE? a?V3 V3' 
and the angle BED has been found as required. 

3. If a line of 10 feet be represented by 3, what is the unit 
of length ? 

4. How is 37 yards, 2 feet, 8 inches represented, when the 
unit of length is 4 inches? Ans. By 341. 

5. If the angle of an equilateral triangle be taken as the 
unit of measurement, how many degrees will be contained in 

the angle .3 ? 

6. Find the number of grades in 27°. 35'. 24". 

Am. 30^.65. 

7. What is the supplement of 227', 35\46''? 

8. The complement of 45° ± a is 45° + a. 

9. The difference of two acute angles of a right-angled 
triangle is S°, find the angles. 

10. The vertical angle of an isosceles triangle is a°, find 
the angles at the base. 

11. The length of a person's shadow is twice his height, 
find the altitude of the sun, having given tan 26°.34' = .5. 



12. Shew that (sin 60°- sin 45°) (cos 30° + cos 45°) = sin"30^ 

13. Shew that (sin 30°+ cos 30°) (sin 60° - cos 60°) = cos 60^ 
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14 Shew that ^■'' ^^I 7 ^?^ S = («^ 45^-taii 4.5')'. 

sm 45** + sin 30 ^ 

15. Determine the height of an object whose elevation is 
40®, the observer being 140 feet distant, and his eye 5 feet 
from the ground, having given that tan 40° = .85. 

Ans. 124 feet. 

16. Construct the angle whose tangent is \/2. 

17. Construct the angle whose sine is — - — * 

18. A ladder of length I is placed against a wall so that the 
angle it makes with the ground is double that which it makes 
with the wall : find how far from the wall the foot of the 
ladder is. ^ I 

19. The town G is halfway between the towns 2> and £1; 
and the towns G, E, F sue equidistant from each other. If 
distance from 2> to jE is 12 miles, find the distance from 
JD to F. Ans. 6 ^3 miles. 

20. A ladder 20 feet long just reaches the top of a wall 
when its foot is 13 feet from the foot of the wall ; shew that 
when its foot is 5 feet from the wall, the ladder projects 4 feet 
beyond the top of the wall. 

21. In a right-angled triangle the lengths of lines drawn 
from the acute angles to the middle points of the opposite sides 
are d, d' respectively. Find the sides of the triangle. 

22. A person travelling southwards observes two objects 
towards the S.E. After 8 miles travelling, one of them is 
N.E., and the other E. Their distances from him are then 
4^2 miles, and 8 miles respectively. 

23. Whilst sailing due West, I observe two ships at 
anchor directly North of me : after sailing 6 miles the di- 
rections of the ships make angles 60°, 30° with my course 
respectively. The distance between them is 4^3 miles. 
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24. A staff 1 foot long stands on the top of a tower 200 
feet high. Shew that the angle it subtends at a place 100 feet 
from the foot of the tower is 6'. 

Given tan 63^27' = 2, tan 63^33' = 2.01. 

25. The angles of depression of the top and bottom of a 
column observed from a tower 108 feet high are 30^ 60® 
respectively. Shew that the height of the column is 72 feet. 

26. From the top of a column 100 feet high, the angles 
of depression of two objects in a line with the column, 
and in the horizontal plane on which tiie column stands, 
are observed to be 30® and 60*. The distance between them 

is —J- feet. 

27. The length of a road in which the ascent is 1 foot in 5 
from the foot of a hill to the top is a mile and two-thirds : 
what will be the length of a zigzag road in which the ascent 
is 1 foot in 12 ? Am. 4 miles. 



EXAMPLES. (B). 

1. The same line is represented bj m and n in two systems 
of measurement, compare the units of length in the two 
systems. 

2. What is the greatest unit of length with which .625 
feet may be represented by an integer? 

3. Find the number of French minutes in one English 
minute, and the number of French seconds in one English 
second. Ans. 1\851, 3'\686419753. 

4. The angles of a triangle are in ^ . P; shew that one of 
them must equal 60®. 

5. The supplement of one angle of a triangle is double 
the complement of another, and triple that of the third : find 
the angles. Ans. 81 i\, 40 Jf, 57 i\ degrees. 
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6. A person observes the anffular elevation of a coluinn ; 
after approaching a feet, he finds its elevation doubled; 
again approaching i feet it is again doubled. Shew that the 

second point of observation is ^ feet from the foot of the 

tower. 

7. Construct the angle whose tangent is \/5 — 1. 

8. At the foot of a mountain the elevation of its summit 
is 45®. After ascending 1 mile up a slope of 30*^ its elevation is 

found to be 60®. The height of the mountain is — - — miles. 

9. A person at the edge of a river observes the elevation 
a of a tower on the other side ; on retreating a feet he finds 

its elevation to be /9 : the height of the tower is — ^, 

tan a— tan p 

the breadth of river is ^ ^ . 

tana — tan )8 

10. A rock is observed from a ship to bear N. N. W ; after 
sailing 10 miles in direction E.N.E the rock is due West : its 
distance from the ship at the first observation was 10 (V2— 1) 
miles. Given tan 22^®= V2 - 1. 

11. Two persons A and B start from two points distant 

400 yards. B starts at right angles to the line joining the 

two points at the rate of 90 yards a minute. A starts in a 

direction to catch B as soon as possible at the rate of 150 

yards a minute ; find how long he will be before he catches 

him, and the direction in which he will walk, having given 

3 
sin 36®. 53' = - . Ans. 3 minutes, 20 seconds. 



12. A tower is situated at the top of a hill whose inclina- 
tion is 30®. The angle subtended by the tower at the foot of 
the hill is 15® ; and on walking a yards up the hill it is found 

to be 30®. The height of the tower is -rr feet. 
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13. From two points in the diameter of a circle produced 
tangents are drawn to the circle. Given the distance c be- 
tween the points, and the inclinations a, /3 of the tangents to 
the diameter, shew that the radius of the circle 



cosecjS — coseca* 



14. A person travelling along a road observes the eleva- 
tion a of a tower the nearest distance (a) of which from the 
road is known; at the same time he observes the angular 
distance /3 of the top of the tower from an object in the road. 

The height of the tower is -77 — s 5-^ . 

° \/(cQS a — cos*)8) 

15. At three positions in the same horizontal plane dis- 
tant from each other 60, 80, 100 feet respectively, the elevation 
of a tower is observed to be 45®; find its height. 

Ans. 50 feet. 

16. Two spectators at two stations, distant 2a from each 
other, observe the elevation of a kite to be a at each station, 
and the angle subtended by the kite and the other station to 
be /3 ; shew that the height of the kite is a sec /3 sin a. 

17. A person standing on the top -4 of a light-house AB, 
of known height 300 feet, observes a ship sailing from G to D 
in a straight line : he knows that GD is perpendicular to the 
plane AGB, and he observes the angle Cij9=30', ^^2>=60^ 
Shew that GD = 300 feet ; 52> = 300 V3 feet. . 

18. The altitude of the sun is 45®, and it is at a point of 
the compass 60® from the south. The breadth of the shadow 
of a south wall is one-half its height. 

19. The angular altitude and breadth of a cylindrical 
tower are observed to be a and /3 respectively ; but at a point 
a feet nearer the foot of the tower they are a', ff respectively : 
find the height and radius of the tower. 

Ans. Height = — — -?, radius = a ai « 

^ cot a— cot PC p p 



cosec — — cosec— 



B.T. 
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SECTION n. 

TBIGONOMETBICAL RATIOS OP ANGLES GBEATEB THAN 90^ 
RELATIONS AMONGST THE RATIOS. CHANGE IN SIGN AND 
MAGNITUDE OP THE RATIOS THROUGH THE FOUR QUA- 
DRANTS. CHANGE FROM POSITIVE TO NEGATIVE INFINITY. 
OTHER TRIGONOMETRICAL RATIOS. 

15. We now proceed to express the Trigonometrical Ratios 
of all angles in terms of Trigonometrical ratios of positive 
angles less than a right angle. 

We will first find the Trigonometrical Eatios of the supple* 
ment of an angK 

Let ^' OP, = ^ OP. absolutely (fig. Art. 7): then AOP^ is 
the supplement of A OF^ or a, that is, A OF^ = 180*^ - a. 

Let ON=^x, P,N^y, OP.^r, 

then OM^-x, F^^y, OF^^^^r. 

Hence sin (180' - a) = | - sin a, 

T 

cos (180'*-a) = — = -cosa, 

, . tan(X80'-a) = -^=-tana, 

cot (180*^- a) = — =-cota, 

%/ 

sec (180' - a) = — = - sec a, 

cosec (180° — a) = *- = cosec a: 

which equations give the Trigonometrical Batios of the sup- 
plement of an angle, in terms of the Trigonometrical Ratios of 
the simple angle. 



RATIOS OP A NEGATIVE ANGLE. J9 

We may observe that they all change in sign except the 
sine and cosecant. 

16. We will next find the Trigonometrical Katios of a 
negative angle. 

Let A0P^^40P^ absolutely: then AOP^^-a; 
also ON=-x, P.N^'-y, OP, = r. 

Hence sin (— a) = — ^ = — sin a, 

cos (— a) = - = cos a, 
tan(— a) = — ^ = — tana, 
cot (— a) = — = — cot a, 
sec (— a) = - = sec a, 
cosec ( — a) = — = — cosec a ; 

-y 

which equations give the Trigonometrical Katios of a negative 
angle in terms of those of the positive angle of the same 
absolute magnitude. 

We may observe that they all change in sign except the 
cosine and secant. 

17. Let ^'OP3=u40P, = a, then ^4 OP3 = 180' + a, 
also OJlf=-a;, PJd^-y, OP^^r. 

Hence sin (180° + a) = ^^ = - sin a, 



cos (180° + a) = — = — cos a, 



2—2 
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tan (180'^ + a) = ^ = tan a, 
cot (180* + a) = ^ = cot a, 

T 

sec (ISO® + a) = — = — sec a, 

T 

cosec (180® + a) = — = — cosec a. 

Here all the ratios change in sign except the tangent and co- 
tangent. 

18. It is evident that, when the revolving line OP has 
reached OP. the second time, that is, has described the angle 
(360° + a), all the Trigonometrical Katios are the same as those 
of the angle a, for the triangle which determines their values 
is identical in the two cases. The same remark applies to any 
number of revolutions, so that we mav say generally that the 
Trigonometrical Ratios of (n . 360° + a; are equal severally to 
those of a. 

19. The formulae in Articles 12, 15, 16, 17, have been 
proved for the case in which a is less than 90° ; that they are 
true for all values whatever of a the student may satisfy him- 
self by drawing figures to represent the different cases : for a 
more logical proof that these forms are true for all angles 
whatever he must be content to wait till he is further ad- 
vanced, as the reasoning is of too subtle a nature for the 
present. 

These formulae may also be classed as follows : 

sin a = sin (180° - a) = - sin (180° + a) = -sin (- a) 

= sin (71.360° + a), 

cos a == - cos (180° - a) = - cos (180° + a) = cos (- a) 

= cos(w.360° + a), 

tana = -tan(180°-a)= tan (180° + a) = - tan (- a) 

= tan(n.360° + a), 
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cot a = - cot (180^ - a) = cot (180° + a) = - cot (- a) 

= cot (n. 360° + a), 

sec a = - sec (180°- a) =- sec (180° + a) = sec (- a) 

= sec(«.360° + a), 

cosec a = cosec (180° — a) = — cosec (180° + a) = — cosec (— a) 

5=cosec(«.360° + a). 

We obtain also from the above formulae the signs which the 
Trigonometrical Ratios of any angles must have according to 
the quadrant in which their bounding line is situated. 

20. We are now in a position to express the Trigono- 
metrical Eatios of any angle whatever in terms of the ratios of 
a positive angle less than 9Q°. 

If the angle is negative make it positive by formulae in 
Art. 16. 

If the angle is ^eater than 360°, suppress 360° as often as 
necessary to make it less than 360° by Art. 18. 

If the angle is now greater than 180°, suppress 180° by Art. 17. 

If the angle is now greater than 90° take its supplement by 
Art. 15. 

When the angle is negative labour is sometimes saved by" 
adding 360° once or oftener, till the angle is positive, instead 
of using Art. 16. 

Ex. tan 995° = tan 275° = tan 95° = - taa 85°, 

cosec (-995°) =- cosec 995°==- cosec 275°= cosec 95°= cosec 85°, 

or thus, cosec (- 995°), = cosec (1080° - 995°) = cosec 85°. 

21. From the formulae in Arts. 15, 16, 17, 18 we deduce the 
following, which are true for all values of the angle, 

sin a cosec a = 1, 

cos a sec a = 1, 

tan a cot a = 1. 
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Also in the first quadrant tan a = - = — = 



sma 



X X COS a 
r 



• t T 1 y r sma 

in the second quadrant tan a = -^^— = — = 

^ —a; 0? cos a 



-2 . 

r sma 



XU I/IXC/ LlllXU. t£tutuiaub uux a — - 


-a? 


X COS a' 
r 


in the fourth quadrant tan a = ■ 


X 


r sin a 
a; cos a 
r 


Hence always tan a = ^^^ : 

cos a 






and also cot a = -r— ? . 

sin a 




m 


Also since a;" + y' = r^, 




(EucUd I. 47) 


divide by r*, and we have 




. 


^+^-1 
^+/-i' 







or cos' a + sin* a = 1 ; 

whence sin a = ± hj{l — cos' a) ; 

cos a = ± ^/{\ — sitt'a) : 
divide by a^, and we have 
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or sec* a = 1 + tan* a ; 

whence sec a = + \/(l + tan* a) ; 

tan a = ± \^(sec* a — 1) : 

c 

divide by y*, and we have, 

or cosec* a = 1 4- coi* a ; 

whence cosec a=^± V(l + cot* a) ; 

cot a = + \/(cosec* a — 1) : 



Also we have sin o ='- = + ,, . — =r = + 



VM) 



, tana 



80 also cos a = + 



sm a = + 



cos a = + 



V(l + tan*a)' 

1 

V(l+tan'a)' 

__!___ 

V(l+cot*a)' 

cot a 
V(l + cot*a)' 



The tipper or lower sign must be used in these forms accord- 
ing to the quadrant in which the angle lies. 

Obs. Some of these egressions are really included In the 
others, for they are derivea from the same relation a?+y*=f^. 
We may also put 90 — a for a in any of these relations, and 
they must still remain true ; thus the relation 

tan a 
sm a = + 



VCl+tau'^a) 
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becomes sin (90 - a) = ± ^^^^^^^^1^ 



or, 



cot a 



cos a = + -177—, — 7r-\ > 



as we obtained before. In fact, whatever general relation 
holds between any Trigonometrical Ratios, must necessarily 
hold if the complementary or supplementary ratios are substi- 
tuted for them. 

22. We stated above (Art. 10) that when we know the value 
of any of the Trigonometrical Ratios, the sine for instance, we 
only know the value of the corresponding angle within certain 
limitations : we can now more fully explain this. From the 
preceding Articles we may observe, tnat whenever the re- 
volving line OP (fig. Art. 7) haa come into either the position 
OPj,or OP,, the value of the sine of the angle described is 
the same and of the same sign. Hence, if the value and sign 
of the sine is given, and the sine of AOP^ is equal to this 
given value and of the same sign, all we know about the angle 
whose sine is given is, that it is bounded by one of the lines 
OPj , OP, ; but of the number of revolutions the line OP has 
taken, we are quite ignorant. Similar remarks will apply to 
all the Trigonometrical Katios. 

23. As an illustration of the principles laid down in the 
preceding Articles, we will trace the changes in sign and mag- 
nitude of the Trigonometrical Ratios as me angle (fig. Art. 7) 
A OP or a passes through all values from (f to 360°. Let 

ON^x, PN^y, OP^r, 

for all positions of OP: then r is always positive and never 
less than x and y, and therefore the sine and cosine are never 
greater than 1, and the secant and cosecant never less than 1 : 
and since x and y may have any ratio to each other, the tan- 
gent and cotangent may have any values whatever. 

"When OP coincide3 with 0-4, a? = r, y = 0. 
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Hence, sInO° = -=:0: taiiO° = - = 0; secO'=- = l; 

' f* T 9* 

cosO°=:-=l: cotO* = - — co: cosecO° = - = Qo: 
r 

As OP revolves from OA to 05, x diminishes, y increases, 
and both are positive ; hence the sine, tangent, secant increase, 
the cosine, cotangent, cosecant diminish, and they are all 
positive. 

When OP coincides with OJ?, a? = 0, y^T\ 

Hence, 8in90'=:- = l; tan90° = ^ = oo; sec90°=^=aD,• 
r 

cos90° = - = 0; cot90^ = - = 0; cosec 90' = - = 1, 
r r r 

As OP revolves from OB to 0A\ x increases and is 
negative, y diminishes and is positive ; hence the sine, tangent, 
Becant diminish, the cosine, cotangent, cosecant increase ; also 
the sine and cosecant are positive, the rest negative. 

When OP coincides with 0-4',« — — ^> y = ^; 
Hence, 

sinlSO''^ -=0: tanl80^ = — = 0; secl80°= — =-1; 

cos 180°= — =-1; cot 180°=^=- oo ; cosec 180°;=^ = oo . 
r 

As OP revolves from OA to OP*, x diminishes and is 
negative, y increases and is negative ; hence the sine, tangent, 
secant increase, and the cosine, cotangent, cosecant diminish, 
also the tangent and cotangent are positive, the rest negative. 

When OP coincides with Off^ aj = — 0, y = — r; 

Hence, 

8in270°=— =-1: tan270°==^ = ao; sec 270° = -^ = - cx); 
cos 270°= — =0; cot 270° =—=0: cosec270°=-^ = -^l. 
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As OP revolves from OB to OA^ x increases and is positive, 
and y diminishes and is negative. Hence the sine, tangent, 
cotangent diminish, and the cosine, cotangent, cosecant 
increase; also the cosine and secant are positive, the rest 
negative. 

When OP coincides with OA the second time, the values 
of the Trigonometrical Ratios become equal to those of 0®. 

24. We have used above the relation a; = — 0, and so made 

sec270"==^«-^s=^QO, 

X —0 

instead of + oo which it would have been if we had put a: = 0. 
The reason of this is, that x has been continually diminishing 
and negative, and therefore the secant has been a continually 
increasing negative quantity ; and we have thought it better 
to sav that as the anele reaches 270°, the secant becomes an 
infinitely great negative quantity. If however the line OP 
had approached the position OB from 0-4, bv revolving in 
the negative direction, the secant of the angle — 90° would 
be+Qo. 

Thus for the same position of OP^ supposed to revolve in 
opposite directions to reach this position, we have two values 
of the secant of the angle of opposite signs. In fact, positive 
and negative infinity seem to have a near approach to each 
other, for we find the Batios which become infinite always 
pass from one to the other. The case above and similar ones 
are only in accordance with our preceding formulas ; for since 
270° and — 90° are supplementary angles, it follows that their 
secants should be equal and of opposite signs. 

The following illustration may help to remove the difficulty 
from the Student's mind. 



Let CA be drawn perpendicular to AB a line of unlimited 
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length. CD drawn throtgh G to meet AB in D. Let AD =a?. 
Now if angle A CD is made gradually to increase, the value 
of X increases without limit and is positive till A CD becomes 
a right angle. As soon as ACD becomes greater than a right 
angle, the value of x becomes suddenly an infinitely large 
negative quantity, and then diminishes to zero. The change 
in position of the point i) for a small change in the revolving 
line, becomes infinitely great at this position of the line, 
though in general it is but gradual. 

25. Besides the Trigonometrical Katios above enumerated, 
the following are sometimes used. 

The versine of the angle, which equals 1 — cosine, that is, 

vers a = 1 — cos a. 

The coversine, which is the versine of the complement, 
that is, 

covers a = 1 — cos (90 — a) = 1 — sin a. 

The suversine, which is the versine of the supplement, 
that is, 

suvers a = 1 — cos (180 — a) = 1 + cos a. 

Also the chord of the angle, which is twice the sine of half 
the angle, that is, 

chd a = 2 sin - . 

ft 

26. The following notation is also used : if the sine of the 
angle a is a, that is, if sin a = a, then the angle whose sine 
is a is written sin"^ a, that is, a = sin'* a ; and so for the other 
Trigonometrical Katios. 

EXAMPLES A. 

1. Iftana=-, then sina== .. > , ^v , cosa= ,. , , j.. , 

a . V(»+") v(»+*) 

b 
r • tana a h 
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11a 

cosa = 



Va + tan^a)" /^ ^ A'\ ~ V(a* + »') ' 



2. If tan ^ = - — 7 , find sin 0. cos fl, 

1— tana 

. >, 1 + tana 1+tana 1 , ... 

sm =-T7zr7z — 7 — «-rr = 7^ = -7^ (cos a+ sin a), 

V{2(l+tan*a)} secaV2 V2 ^ "^ 

>, 1 — tan a 1 , ,' v 

cos^=-T77-7r — 7 — o-TT^-*;^ (cosa — sma). 
V{2 (l+tan'a)} V2 ^ ^ 

3. If sin a = .3: shew that, tana = JV2, cot a — 2^2, 
seca = f V2. 

4. If tan a = .3, find sin a, cos a, cosec a, vers a. 

Prove the truth of the following equations : 

5. (cos a tan a)* + (sin a cot a)' =1. 

o. -; 7^- = tan a. 

sm a cot* a 

7. sec* a + cosec' a = sec' a cosec' a, 

8. cot' a — cos' a = cos' a cot' a. 

9. sin' a cos' /8 — cos' a sin' )8 = sin' a— sin'/S. 

10. cos'acos')8 — sin' a sin' j8 = cos' a — sin' i8. 

11. oos*a — sin*a = cos'a — sin'a. 

12. tan a + cot a = sec a coseca. 

cot a + cot /3 
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14. tan««tan'/3-l = "^°'f-"f/. 

COS a cos* p 

j^ 1 — tan' g tan'ff _ cos'g — sin' /8 
tan' a tan'/S sin* a sin* )3 

16. Solve the equation sin ^ cos fl = - . 

sin' d cos' ^ = ^ ; 



4 4 25 100* 
. «V»fl 1,3 5±31 4 

Solve tne following equations : 

17. 2 sin ^ = tan 0. Ans. ^ = 0, or 60°. 

18. 2 sin' ^+4 cos* ^ = 3. Ans. ^=±45°. 

19. tan 5 + 3 cot ^ = 4. Ans. 6 = 45°, or tan"' 3. 

20. 8 sin ^ = 3 cos' ^. Ans. 0=^Bm^^. 

21. 3sin^=2cos'^. . Ans. 5 = 30°. 

22. 6cof 5-4cos'^ = l. Ans. 5 = ±60°. 

23. Find the values of cos 585**, tan 600°, cosec 690°. 
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24. Shew that siu"^ - = cos""* - «= tan"* - = bcc'* - . 

O O O u 

25. If sin (a; + a) ss cos (a; — a), find a?. Ans. x = 45®. 

26. If sin (a — a?) = cos (a + a;), find x. Am, a? = — 45®. 

EXAMPLES B. 

1. If cosec a = 1*3, find sin a, cos a, tan a, cot a, sec a. 
Prove the truth of the following equations, 

2. (sin'a — sin'a sin')8) (cos'a — cos'a cos")8) 

= (sin'jS — sin*a sin'j8) (cos'j8 — co8*a co8*)8) . 

3. sec'a tanV (sec*i8 - 1) (tan'^S + J) = 8ec«/3 tan')8 

(8ec'a-l)(tan'a+l). 

4. sin a (1+ tan a) 4 cos a (1 + cot a) = sec a + cosec a. 

X 



5. sin"*aj = tan"* 



va-a^- 



6. 8in-^ = tan-f^. 

- . 180® + a 180® -a ,,^^o x 

7. 2 vers — vers — - — = vers (180 — a). 

8. sin^^^l80° + a)=-cosa. 

9. cos {(4« + 2) 90® ± a} = - cos a. 

10. If sec tan = 2 V3, then = 60®. 

11. If tan tan ^ = 1, then sec d = cosec ^. 

12. If -^ = V2, ?^ = V3, then a = 45®, i8 = 30®. 

Qinp ' ' tan p 
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13. If ^2i^ 4. tan ^ = 2, ^rreO". 
1 + sm u 



sin a 
9 



14. If cos ^ = w sin a, cot ^ = 7 — -q 



then cos)8 = 



15. Construct the angle whose secant is (Vs — 1). 

16. Given a the difference of the lengths of the shadows of 
a vertical stick when the sun's altitude is a, iS, respectively ; 
find the length of the stick. 

If the length of the stick is a mean proportional between 



1 



the lengths of the shadows, shew that a, p are complementary. 

17. The elevation of Cader Idris at a point in the valley 

near Dolgelly is cot"^6; at Ty Gwyn, 3 J miles down the 

valley, it iias the same elevation; at a point half-way between 

7 
its elevation is cof^S. Its height above the valley is . 

miles. 
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SECTION III. 

TRIGONOMETRICAL RATIOS OF THE SUMS AND DIFFERENCES 
OF ANGLES, AND OF MULTIPLE ANGLES. EXPLANATION 
OF THE DOUBLE SIGN IN TRIGONOMETRICAL FOBMULiE. 



27. We now proceed to determine the Trigonometrical 
Eatios of the sum and difference of any number of angles, in 
terms of the ratios of the simple angles. 

To find the ratios of (a +/3) in terms of those of a and fi. 




Let A OB be any angle a, BOG any angle ^8, then AOC is 
{a+0). In 00 take any point P, and draw PN, PQ perpen- 
dicular to OA, OB respectively. From Q draw Qm, QR 
perpendicular to OA^ PNi then, since RPQ^ BQO bxq each 
complementary to PQB, therefore BPQ =iBQO^ QOM== a. 

And we have, 

. , ^^, PN QM^PR 

_QM OQ PR PQ 
'^OQ' OP'^PQ • OP 
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Tn- QM , OQ 

p^ = cosa, ^=:sm^, 

therefore sin (a + )8) = sina co8i9 + cosa sini8; 

1 r ^0\ ON OM QR 

also co8(a+^) = -^=-^-^ 

OM qQ_^QR PQ 
^ OQ* OF PQ* OP 

= cosa cos^ — sina sin^S; 

also tan(a + p) = — ■ ; ' . o\ = ^i — ♦ ■ o ; 

^ '^' coa(a+/S) cosaeoai8-siiiaam/9' 

divide numerator and denominator of this fraction by cos 9 cos)3, 
and we have, 

. / , ox tana + tan)8 

this might have boen fonnd directly bj geometiy as in the 
case of the sine and cosine. 

The sine, cosine, and tangent being found as above, we may 
find the secant, cosecant, and cotangent. 

Put i9+7 for P in the above form, and we have . 

sin (a + i8 + 7) = sin acos (/9 + 7) + cos a sin (/9 + 7) 

== sin a (cos j8 cos 7 -^ sin/S sin 7) + cos a (sin)8 cos 7 + cos j8 sin 7) 
=sinacosi9cos7+8in)3cosac0S7+sin7COsacos)3— sinasin)3sin7. 

Similarly the forms for OQS (a + /3 + 7), tan (a + ^+7) may 
be found ; and the method may be extended to the sum of any 
number of angles. 

28, To find the Trigoaom^tncal ration of (a-^/3), in 
terms of those of a and )3. 

B.T. 3 
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Let AOB be any angle a, BOG any angle /9, then AOC 
is (a — /8). In 0(7 take any point P, and draw P^, PQ per- 




pendicular to 0-4, OB respectively ; from Q draw QM per- 

?(ndicular to 0-4, and from P, P« perpendicular to ^if: then 
QB^ QOA^a^ for PQ£| QOA are each complementary 
to OQM, 

And we have, 

. . p. P^^ «if (25 

QM OQ QB PQ 



also. 



also 



'^ OQ' OP PQ' OP 
3= sin a cos )3 — cos a sin /3 ^ 
^ , ^, 0^^ OM PB 

'^^(^-^)^-op^op-^op 

_0M OQ PB PQ 
"^ OQ' OP'^ PQ' OP 

»cos acos /3 + sin a sin)3 ; 

. , ^. tana — tan /S 
^ ^' 1+ tan a tanks' 



and by means of these formulae the Trigonometrical ratios of 
the sums ^and differences of any number of angles may be 
calculated. 
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29. The figures in the above proofs have been drawn so 
that all the angles are less than 90^ It is left as practice to 
the student to adapt the proof to any case whatever, and to 
satisfy himself that the forms proved are true for any angles, 
a logical proof of which he will find in more advanced treatises 
on the subject. 

Assuming the form for sin (a + /8) to be true for any values 
of a and /8, the forms for the other ratios might be deduced as 
follows : 

cos(a+/8) = sin{90-(a + /8)l=sin(90 + a + /S) (Art. 15) 
= sin (90 + a) cos /8 + cos (90 + a)sin/S 

s= cos a cos /S — sin a sin /8, as before : 
putting — )3 for)8, 

sin (a — /8) = sin a cos (— )8) +cosasin {—fi) 

= sin a cos )3 — cos a sin)3 ; 
also cos (a — /8) = cos a cos (— /8) - sin asin {—fi) 

= cos a cos /3 + sin a sin ^. 
Since sin (— )3) = — sin /8, cos (— /8) scos /S. (Art. 16). 

30. In the forms for a +/8, let a = /S, 
then we have, sin 2a = 2 sin a cos a, 

cos 2a = cos' a — sin' 6, 

2 tana 
tan2a = - — r— «-; 
1 — tan a 

which give the ratios of the double angles in terms of those 
of the single angles. 

If we wish to determine sin 2a, cos 2a in terms of sin a, or 
of cos a only, we have 

sin2a= + 2 sin a V(l — sin' a), 

or =3 + 2 cos d V(l — cos' a), 

cos2a— 1 — 2sin'a, 

or=2cos'a — !• 

3—2 
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31. The double sign in the fonn for sin 2a may be ex- 
plained as follows : 

Let A OP^ be the smallest angle whose sine is equal to 




sin a : then we cannot tell whether the sin or, from which we 
are to determine sin 2a, corresponds to the bomiding line OP^ 
or OPj, and therefore we ought not, if our formulas have their 
proper generality, to be able to tell whether sin 2a corresponds 
to AOQ^ orAOQ^{i.e. ISO' + ^'O^J. 

Now since A0Q^=^2 (180^ - A OP^ = 360^ -AOQ., there- 
fore the sine of AOQ^ must be equal to the sine otAOQ.f and 
be of opposite sign, in accordance with the formula proved 
above.' in the same way, if we consider the ne^tive angles 
bounded by OP^, and OP^ we shall find tiiat our mrmulse must 
correspond to the bounding lines OQ^^ OQ^y and be correct. 
So also if we suppose the revolving line to have completed any 
number of revolutions before reaching the positions OP^, OP,. 

Precisely similar remarks will apply to sin 2a when deter- 
mined in terms of cos a. 

The student is also recommended to examine why cos 2a, 
tan 2a have not the double sign. 
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32. Putting )8 = 2a in the forms for (a + ^), we have 

sin 3a = sin a cos 2a + cos a sin 2a 

^ sin a (1 — 2 sin* a) + 2 cos' a sin a 
aesina — 2sin*a+2 (1— sin*a) sin a 
=s 3 sin a — 4 sin' a ; 

so also cos3 a=:4cos'a — dcosa. 

And similarly we may find the ratios of any multiple angle- 

33. If in the forms for sin 2a we write - for a, 
we have, sin a = 2 sin - cos - , 

also 1 = cos' - + sin' - . 

Hence, ± V(l + sina)*=cos- + sin- (A). 

± V(l""Sina)=C08- — sin-.. (B). 

These formulae are very useM ; the following, which are de^ 
duced from them, not so much so. 

Adding and subtracting (A) and (B),. we have 

Mm 

<50S - = ± V(l + sin a) ± V(l — sin a), 

sin - =s + V(l + sin a) T V(l — sin a). 

Each of these expressions is capable of four values, two and 
two of opposite signs, according to the signs of the radicals : 
the reason of which may be explained in a manner similar to 
that in Art. 31. In choosing practically which of the signs 
must be used in any particiuar case, we must return to the 
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formulae (A) and (B), and inquire, what the signs of cos-, 
sin - must be, and which is the greatest : we can then deter- 
mine whether cos - + sin - is positive or negative, and so also, 

whether cos - — sin - is positive or negative. Having thus 

given their 
tract the 



>ir proper sims to the radicals, we can add and sub- 
equations (A) and (B), and obtain the proper values 



of Sin-, cos-. 

A A 



34. Writing - for a in the forms for cos 2a, we obtain 



COS a = cos* - — sm'- ; 
2 2' 



also cos a = 2 cos' -— 1, 

and therefore cos - = ± * / ( — ? J , 

and cos a = 1 — 2 sin' - , 

A 

and therefore sin - = ± a / f j , 

09 09 

which give cos - , sin - in terms of cos a. 

A A 

* 4 

09 

We may also find tan - in terms of tan a, but the formula 

A 

which results is of very little use. . . 

35. Returning to the formulae in Arts. 27, 28, 
sin (a + )8) = sin a cos )3 + cos a sinjS, 
sin (a — /S) = sin a cos )8 — cos a sin/S, 
cos (a + )8) = cos a cos )8 — sin a sin /8, 
cos (a — /8) nfs cos a cos /8 + sin a sin^S. ; 
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We get by addition and subtraction 

2sinaco8)3 = sin (a + /8) +sin (« — /8), 
2 cos a sin )8 = sin (a + )8) — sin (a — /8) , 
2 cos a cos /3 = cos (a+i3) 4-cos (a — /8), 
2 sin a sin /8 = cos (a — /8) — cos (a +^3), 

i^hicb forms enable us when we have the product of two sines 
or cosines to replace them by the sum or difference of two 
other sines and cosines. 

Again, in these forms writing for a, ^ ^^^ ^j ^^^ 

transposing in each equation, we have 

* • 

sm a + sm )8= 2 sm cos — jr^, 

sma--smp = 2cos — ^ sm , 

cosa + cosps5 2cos— ^ coa -^p-, 

cos)8 — cosa = 2sm— ~- sm— — ^, 

forms which enable us to pass from the, sum or difference of 
two sines or cosines, to the product of two other sines or 
cosines. 



EXAMPLES- A. 

1. Find the sine of 15^ 
sin 15^ = sin (45* - 30*) = sin 45* cos 3(f - cos 45* sin 30* 

~V2* 2 V2*2"^ 2V2 * 

A • 1K0 >/3-l 

Ans. sm 15*= . ,, . 

2 Y'i^ 
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2. Find the Trigonometrical BatioB of 7i^ 105^ 

3. Prove the formulae, 

fiin (a + ff) sin (a — /S) = sin'a — sin*/9. 

We have sin (a + ff) sin (a — /J) 

= (sinacos^ + cosasin^) (sinaCos^ — cosasin/3) 

= sin* a cos' /8 — cos' a sin' )8 

= sin* a (1 -sin' /3) - (1 -sin' a) sin'/3 

ssx sin' a — sin' /8« Q, E. D. 

X /.,« . />v taa 45' ± tan 5 l + tand 

5. If sin 2^ = cos 3^, find and sin 0. 
We have 2^+35-90^ or ^»18^ 

Also since sin 20 ^ cos 30 ; 

.•. 2sin^cos^ = 4cos'tf — 3cos^; 
.-. 2sintf = 4cos*^-3 

= l-4sm'^; 

. g^ , sin^ 1 11 5 
., sm'tf + -2- + r6 = 4-^l6==16' 

/. sma = 7 — *- « 

4 

a/5 — 1 . . 
Hence sin 18°= - , since it must be positive. 

The other value of sin corresponds to 

2^ + 3^ = -270°, or ^ = -54°. 
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6. Ifa + i3 + 7 = 180°, 

taiia+ tan^S + tany = tan a tan iStan 7, 
we have tan (a + /8) =tan (iSO^-y), 

tana + tanfl 

or - — —tL^^tany, 

1 — tanatan/8 '' 

or tana + tan)3 + tany = tanatan/8tan7. q.e.d. 

Prove the formulae, 

7. cos {a + /3) cos (a - /8) = cos*a - sin'^S, 

8. sin (a-^) siny+sin (/S^y) sma + sin (y- a) sin)3 = 0. 

9. sin {a+fi) cosa - cos (a + ^3) sin a = sin^S. 

10. cos a + cos (a + 2)8) = 2 cos (a + ^8) cos fi. 

11. cos/3 cos (2a + ^3) = cos" (a + ^3) - sin" a. 

12 sin(a+^)sin(a-^/3) ' , 

1^* —-9 Ts ^ = tan' a — tan'* i3. 

cos' a cos' p '^ 

13. sin (45° + o) = -^ (sin a + cos a) = cos (45° - a). 

14. sin (60° + a) = - (sin a + V3 cos a) = cos (30° - a). 

, 15. sin (30° + a) + sin (30°- ft) = cos a. 

in //I . j\ sec 5 sec 6 

16. sec (^ + ^) = — = j: — ^ . 

V iv'; iqptan^tan^ 

l-tan(45°-g) 
^^- l + tan(45°-d)='**^^- 

18. cos" (a - /8) - sin" (a + )8) = cos 2a cos 2/8. 

19. (sin ^ r- sin ^)" + (cos - cos ^)" = 2 vers (^ - ^). 

20. cos (30 - o) - cos (30 + a) = sin a. 

21. cot a + tan a <^ 2 cosec 2a« • 
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22. cot a — tan a « 2 cot 2a. 
„ seca-1 . ^a 

24. «in« + »in3« ,tap2«. 
COS a + cos 3a 

25.' tana + seca = tanf46* + -j . 

26. sec'acosec^a — 2 — tan*a + cof a. 

l + sing^l/ ay 

1+cosa 2V^ 2/ 

QQ 1 + sin a . 2 / . -0 . a^ 

28. -- — ; — = tan'(45® + H • 
1 - sin a • V 27 

j.^ sin a + sin 2a . a 

29. — = cot - . 

cos a — cos 2a 2 

30. If sina? = sinasin(a;+v)> thentanaj = i = ^—'. 

:' 1 — smacosy 

31. If tan 5 = —: — -. ^, then cot a, cot R cot y are 

'^ sin (a + 7) J r-y i 

inA^P. . 

32. If sin )8=m.8in (2a+/8), then tan (a+^S) = |~^ tan a. 

33. If cos ^ + cos 70'^ cos 45, ihen = 20^ or ^ . , 

34. If cos 5 - cos S0 = sin 20, then 5 =: 0, or 30^ 

35. If cos 4.0 + cos 2fl = cos 5, then 5 = 20", or 90^ / 

36. If cot 5 = V, then a sintf — J cos 5 = 0; 

a*cos5 — Jsinfl a* — 5* 



and 



a cos 5 + i sin a* + i* ' 
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37« ii&mxs=—. — , sin (90 — a?) = -r-^ , 

sin 7 ^ ' 8m7 

then cos*a + cos"/8 + sin'7=3 2. 

ProTe the formnlsB 

38. sin-' I + cos-* I = 90*. 

39. cor o -cor 6 = cot-* i±^, 

b — a 

-^ _i4a — a? ^_.a . -a; — 2a 

40. vers * = ISfr-^ vers * . 

a a 

41. tan-^| + corI^cof^l|. 

d O lo 



EXAMPLES. B. 

t 

Prore the formulse: 

1. : — = tan 2a + sec 2a. 

cos a — sm a 

^ Bina + 8in(a + ^ + sin(a + 2/3) _ , . 
''• cosa + cos(a + /8)+cos(a+2/8)""^>''"^^^V 

3. 16 coaec* 4a — 4 sec* 2a == aec* a cosec* a. 

- sin o + sin 2a . . 

4. T— ; ^r- = tana. 

l+cosa+cos2a 

5. r^ — 77o\ = sec 2a — tan 2a. 

cos (a — 45'') 

6. 4 sm - sin — - — sin — r — = sin^, 

O O' o - 

y _ton«+seca_^^/ a\^a^ 

cota + coseca \ 2/ 2 
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8. ^^^^°^"*"^"^'^^ = taiia-ftaii/9+tan7>>tanatan/8tan7. 
cosacospcosY f- # #- # 

•4 tan a — 4 tan* tt 



9. tan 4a = 



1 — 6 tan* a + tan* a * 

2cos^-l 



10. tan (30' + a) ten (30' - a) 



2cos2a + l 



^^ sm' 2a — 4 sm* a . * 

11. • . o- — . . . a 7 = tan a* 

sin'2a+4sm*a*-4 

12. n — = l+28in2a. 

cos a — sin a 

13. tena ten(a — /8) (cota + ten/8) =tena — tan/S. 

^ . 1 -h cosec* g tan* tf _ 1 + cot* g sin* 
1 + cosec"^ tan' ^ "" 1 + cot"^ sin* * 

15. sin' /8 + sin' (g — )8) + 2 sin^S sin (g — /8) cos g = siii*g. 

16. ■ »^"'«-^j°'f ^ = tan(,.f^). 
smgcosg — smpcosp \ » / 

17. 1 + ten g ten - = sec g. 

18. ^sin-^+cos-^^j^sm-^ + cos-g-J 

s= sin g + cos /8. 

19. tan--L + 8m--i = tan-^. 

e 

Solve the equations: 

20. 5tena; = tan3a5. Ans. tana; = ± a /-, or 0, 

21. 4sin5sin(tf-g)*=2co8g-l. Am. 6^=:30 + |. 
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22. 3 tan"' « = tan"' 5«. Am, « = 0, or + -^. 

23. cos"' a? + COS"* (1 — oj) = cos"* V(a? — af). 

Ana. aj = 0, or i, or 1. 

24. tan-* -^- tan'* -4-7 = tan"' a. 

1— 2cos2a 



25. 



tan(« + a) tan (a — «)« — -—. Am. a;^30^ 

^ ' ^ ' 1 + 2 cos 2a 



26. cos- 1^+ tan- ^ = 240-. 

Am. a: = V3, or — -^. 

27. {cot (m+w) a+1} cos 8ma= {cot (w + n) a— 1} cos 27ia. 

Am. a =* . 

28. see (X80 - a) Qos (90 + a) cos (180 - a) 

- tan (90 - a) sin (270 + a) . 

Ana. a = ± 45°. 

60° 

29. CQSna+cos(«-8)a*=cosa. Am, a = 90°, or — -. 

30. cosec'|-8ec*-5a2V8cosec"^. Am. = ZO\ 

2 2 

31. sin^ — 0030 = 2 V^ COB ^sin^. 

Am. = 15°, or 75°, or 135°. 

32. If tan)8 + coti8;?:2sw2a, then a + ^8 « 45°. 

33. If tan {0 + a) tan (0 - )8) =^ tan' 0, 

xT_ X «/i 2 sin a sin /S 
then tan 20 = — ^— t — ;o\~ • 

sin(a-p) 



46 PLANE TRIOONOXBTBT. 

34. If tan 2a » 2 tan/3, aad taiiY = tan' a, 

shew that fi — y^a, 

35. Shew that tan"* |- + tan"* | + tan"* I + tan"* 4 = 46**. 

o u 1 o 

36. Find tan (a + iSH-^) in terms af tan a, tan^, tan 7; 
and thence shew that if a + /8 + 7 = 180*, 

tan oe + tan /8 + tan 7 » tan a tan fi tan 7. 

37. If tan (a-^0) =wtan (a-^, then sin2^=^^ sin 2a. 



38. If sin 20 = tan 0, then chd 0=^j2^ V2; 

39. If sin ^ + sin ^ = m, cos ^ + cos ^ = n, 

then m sin 5 + w cos 5 = — r — = wi sin ^ + w cos <f>., 

-40. If taii»d = ^ , then « + *={«« + 5«}t. 

a cose/ smc/ 

41. Find cos(a+)9 + 7), and if a+i8+7=180", shew that 
cot a 4" cot i8 4" cot 7 =* c6t a cot )3 cot 7 + cosec a cosec fi cosec 7. 

42. If a + )8 + 7 = 180^ 

cos'a + c08'/8 + cos'7 + 2cosacos/8cos7 3=i» . 

43. If cos"*- = 2sin"*2^, thiBnaa; + 2t^ = a». 

44. If cot (a -7) — cot(a — ^) = pot (a + 7) — cot(a + 5), 
then sin (a — tJ sin (5 — a) = sin (a + 7) sin {0 + a). 

45. If a, fijy eixe the angles of a triangle, and 

o sina 

COSp=:;^-: — "1 

2 8m7' 
then the triangle is isosceles. 
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46. An object 6 feet higli, placed on the top of a tower, 
subtends an angle tan~^ . 015 at a place whose horizontal dis- 
tance from the foot of the tower is 100 feet : find the height 
of the tower. 

Ana. 173 feet nearly. 

47. A person observes the angle subtended by a tower 
and its spire to be the same ; he knows the height h of the 
tower, and his distance a from it. The height, of the spire is 

g' + y ^ 

48. A person at distance of 20 yards from the nearer of 
two towers in the same straight line with him, and 10 yards 
apart, observes them to subtend the same angle. Passing the 
nearer tower a certain distance, he observes them again sub- 
tend the same angle, the complement of the former. The 
heights of the towers are 6 ^5, 4 ^5 yards respectively. 

49. A person at distance a from a tower, observes the 
elevation a of the tower, and of the top .of the flagst^ (90®— a) ; 
the height of flagstaff is 2a cot 2a. 

If the distance from the tower is unknown, and on receding 
c feet the elevation of tower is - ; then the height of flagstaff 
is c cosec a cos 2(x^ 

50. From each of two stations in the same horizontal 
plane at distance B fr6m each other, a pillar on a hill in the 
same vertical plane with the stations is observed to subtend 
the same angle a at each of the two stations, and the elevations 
of the top of the pillar are e, e' at the two stations^ respectively. 
The height of pillar is 

Dsing 

sin (e — €') 



./\ • 
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SECTION IV. 



BBLATIONS BETWEEN THE SIDES AND ANGLES OF A TBIAKQLE. 
THE RADII OF THE CIRCUMSCBIBED AND IN80BIBBD CIB< 
CLES. 

36. We now proceed to establish some important relations 
between the sides and th^ Trigonometrical Batios of the angles 
of a triangle. 





-» « cr 



Let ABC be a triangle, from A draw AD perpendicular to 
BC or BO produced : men denoting the angles of the triangle 
fey % fii 7> w^d the gides opposite to them by a, J, c respec- 
tively, we have 

sin/8s?2^, f>T AD^csijifi; 



sm 



AD 



Hence 



or 



in7 = sin-4CD=-j^, or AD^hamy. 

C8in/9sisin7, 

sinff _ 8in7 
"6 T' 
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Similarlj, by dropping a perpendicular from Bon AC, we have, 

sin a sin 7 
a c ^ 

, ^, ^ sin a sinfl sin7 

and therefore = — r- = • 

a o c 

37. Again we have 

BD = ABcosp =^cco&fiy 

CD = u4(7cos AGD = J C0S7, if 7 is acute ; 

= — J cos 7, if 7 is obtuse. 
But a = BG=BD+ CD in first case, 

= BD — CD in second case ; 
and therefore in both cases, 

a = c cos )8 + i cos 7. 

This may be derived from the forms in the preceding 
Article, as loUows ; 

since a=180- (^8 + 7), 

c sin a = c sin (i8 + 7) = c sin /8 cos 7 + c cos )8 sin 7, 

or a sin 7 = J sin 7 cos 7 + c cos /3 sin 7 ; 

and therefore a = & cos 7 + c cos /3, 

as before. 

Similar forms may be proved for each of the other sides of 
the triangle. 

38. Again (a — J cos 7)' = (c cos )8)' ; 

.'. a' — 2aJcos7 + J"o©s*7 = c' — c'sin*/3 

= c' — J'sin*7; 

.'. c' = a' + J*— 2a5 cos 7, 
B. T. . 4 
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and so for the other sides. This may also be put in the form 

This formula maj be obtained geometricallj as follows. 
By Euclid, ii. 16, if -4 CB is acute, 

and by Euclid, ii. 12, if ^CB is obtuse, 

AB'^BC^-\'ACr-\'2BC. CD. 
In first case CD = b cos 7, in second case CD = — 6 cos 7. 

Hence in both cases 

c'* = a' + J' — 2aJ cos 7. 

39. From the forms in the last Article, we have, 
l-cos7=l ^ 2^j— , 

2sin-|=. (^-^-^^Jj^-^^-^) . 
Let 2« = a + J + c, 
and therefore 5 — a = — ^ ' ^^^ ^^ for « — J, « — c. 

And we nave sm - = -r • 

Again, i + cos7-^-^^ = ^ ^ h 

2 06 
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So also tm^ J'-f^'-^l 

And sin'7 = 4ain'|co8'2 = 4 '^'-^^(^-^)(^-^) 

2 

or sin 7 = -T V{^ (* "" ^) (* — &)(« — c)}. 

40. To find the area of a triangle. The area of a triangle 
is equal to the rectangle contained by half the base, and the 
perpendicular upon the base from the opposite angle, that is, 

area ABC ^- BG * AD ^-r cib emr^ ] 

this gives the area in terms of two sides and the included 
angle. 

Substituting for sin 7 from the preceding article, we have, 
area ABC= V{« (« — !^) (« — *) (« — c)} ; 

which is in terms of the sides only. 
This expression is frequently denoted by 8. 

41. To find the radius of the circumscribed circle. 




Let ABC be a triangle, BE the diameter of the circum- 

4—2 
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scribed circle. Then angle BEC=^ BAC^a; and JBCJS is a 

right angle, and we have 

BG . o» « 

= sin 0, or 2jtt = — 



BE ^ sina' 

which gives B in terms of one side and the angle opposite to 
it, JB being the radius of the circle. 

SubstitutiQg for sin a in terms of the sides we find, 

^ abc 

These results may also be obtained from the construction 
for finding tiie centre of the circumscribed circle given in 
Euclid, IV. 5. 

For BC bein^ bisected in D, and being the centre, 
angle BOC= twice the angle at circumference 

= 2a; 
andtherefore BOB^a, BB=-^, 

and - = jB sin a, as before. 

42. To find the radius of the inscribed circle. 

Let be the centre of the inscribed circle ; OA'j OB'^ OC 
perpendicular to the sides and equal to r. Then the area of 

A. 




THE ESCRIBED CIBCLES. 
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triangle BOC is ^ra, and so also for triangles BOA, CO A. 
But area of triangle ABC equals the sum of these triangles, 



or 



•^ra -\- -rh ■\' -rc^ area of ABC= S; 

Si A M . 



8 

8 




To find the radii of the escribed circles, that is, of the 
circles which touch one side, and the other two sides produced. 
Let 0' be centre of the circle touching BC. 

OA'^aB'^aC^^r,. 
Then A^S(7= AJ?^0' + A 040'- AJ?aO', 



or 






or 



T =: 



8 



8 — a 



80 also 



n = 



8 



8 



'~8-b' '"'' 



a — c 
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» 

EXAMPLES. A. 

Prove the following relations between the sides and angles 
of a triangle. 

1. a' + J" + c' = 2aJcos7 + 2accos/8 + 2Jcco8a. 

2. a (Jco8 7 — ccos/3) =y — c^, 

rk ^ «> a + J - . «7 

3. cos a + cos iS = 2 8 sin'^ . 

'^ c 2 

. J sin 7 

4. tan a = 7 — =^ — . 

a — 6 cos 7 

5. a' sin 2/3 + 5* sin 2a = 2a5 sin 7. 



6. cot a — cot )8 = 



aJsin7* 



7. jB = - (a + J + c) sec ^ sec ^ sec ^. 

o 1 ,a 1 ,)9 1 ,7 (a + & + c)' 

8. -cos"- + rCOs"^ + -cos'^ = -^^ — r-r — - 
a 2 b 2 c 2 4moc 

9. 1 — tan - tan — = 



2 2 a+J + c* 

^^ versa __a(i + c — a) 
vers /3 "" i (a + c -- J) * 

cot f + cot I 

11. -^-^— 



.a J+c— a' 

cot- 



12. 2iir= '^ 



a + b +c* 



13. 4i2 sin - sin ^ sin ^ = r. 

Z JL Ji 
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14. rjr^ + Tjr^ + r^r^ = «', 

15. a cos a + i cos )8 + c cos 7 =s ML sin a sin )8 sin 7. 

16. tan*^ = ^. 

Prove the following expressions for the area of a triangle. 

17. (rr^nO*- 

18. Br (sin a + sin )8 + sin 7). 
a* — J' sin a sin /3 



19. 



2 sin(a-i8) ' 



g^^ 2«" sin a sin )8 sin 7 
(sin a + sin ^ + sin 7)* ' 

22. The areas of all triangles described about the same 
circle yaiy a^ their perimeters. 

EXAMPLES. B. 

1. In any triangle cot - + cot ^ + cot \ = ^—, . 

^ ° 2 2 2 4 area 

2. Area of triangle =«'tan-tan^tan^. 

^ 2 2 2 

3. Area of triangle 



. a . B , 7/ a' 

= sm-sm-sm^f-^ 



Vsma sm)S sm7/ 



4. The distance of the foot of the perpendicular from the 

J* — c* 
angle A on the side a, from the middle point of a, is — - — . 



56 PLANE TBIOONOHETRY. 

5. If cot a, cot )3, cot 7 ore in arithmetical progression, so 
also are a', V^ <?, 

6. If ^a> jpi.> i^c fc^ ^^ perpendiculars from the angles on 
the opposite sides, then 

Pa Pi, P, r 

7. If 7 be a right angle, 

cos (2a -i8) =^(30* -4a*). 

8. The perpendicular from G on the opposite side j4.JB is 

ah a sin a + i sin )9 + c sin7 
2 ' oJ cos 7 + oc cos ^ + Jc cos a ' 

9. If a : i8 : 7 = 2 : 3 : 4, then cos- = -^-r- . 

2 2p 

10. The length of the line drawn bisecting the angle a, 

and meeting the side a is 7 cos - . 

b + c 2 

11. In any triangle the perpendicular from the angle A 

xi. -J D/7- ix i'8in7±c^sin/8 

on the side BG is equal to ir= — . 

^ o±c 

12. la any triangle 

a*sin()8-7) J'sin(7 — a) , c'sin(a-/8) ^ 

; 1 _ 1 ; = U, 

sma smp sm7 

13. JiA'B'G' be the triangle formed by joining the feet 
of the perpendiculars from the angles A, B, G on the opposite 
sides, then B' G' = R sin 2a. 

14. In any triangle 

[a^-b^-c) (cos a + cos^S + cos 7) 

?= 2a cos"- + 26 cos"^ + 2c cos'|. 

JL M A 
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15. IS 8, s' he the semi-perimeters of two triangles, and 
r„ = rl : then : — -, — is the ratio of the radii of the 

8 8 

inscribed circles. 

16. The angles of a triangle are as 3, 4, 5, and the least 
side is a ; find all the sides. 

17. If ^, y, r be the perpendiculars from the angles upon 
the opposite sides a, J, e, respectively ; then ^ = -, . 

18. The distance of the points of contact of the inscribed 
circle with the sides AB, A G from the angle A axe 8 — a. 

19. If a, J, c be in arithmetical progression, then 

oi y 1 
tan — tan -^ == — . 
2 2 3 

20. If the sides of a triangle are in arithmetical progres- 
sion, then the cotangents of the half angles are in arith- 
metical progression. 

21. Li a right-angled triangle (7 the right angle), 
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SECTION V. 



SOLUTION OF TRIANGLES. FOUR CASES. THEIR TREATMENT 

IN EUCLID. APPLICATION. 



43. Evert triangle has six parts, three angles and three 
sides ; these parts are not independent of each other, for the 
three angles are always equal to two right angles, that is. 
we always have 

a + )8 + 7 = 180^ I. 

Also between the sides and angles two other relations inde- 
pendent of each other can be proved to exist. Take for 
instance the relations proved in Ait. 36, 



sing _ sin /3 j^ 



a 
sin a 



= 5i^.. III. 



a c 



From I. II. III. all other relations between the sides and 
angles may be deduced. If we had taken any other two of 
the relations proved in the last section which are independent 
of each other, we could with equation I. have deduced all 
the rest. 

Hence since we have three and only three independent 
equations amongst the six parts of a triangle, if three parts 
are given, we are enabled to determine the other three. Also 
three parts at least must be given; but if more were, we 
shoula find one or more equations between them to express 
the condition that these parts may belong to the same tri- 
angle. 

We may observe also, that the three given parts must not 
all be angles, for by equation I. if we know two angles we 
also know the other, and so having three angles given would 
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really only amount to knowing two parts; one part then at 

least must "he a side. Also we must not have two sides 

given us greater than the third side, nor such as to make the 

sines and cosines involved in our formulds greater than unity. 

(See Art. 46.) 

Tlie process of finding fhe other parts of a triangle, when 
tliree ot tliem are known, is called solving the triangle. 

44. In solving triangles we shall find four distinct cases 
present themselves. 

Case I. When the three sides are given. 

Case II. When two sides and an angle opposite to one of 
tliem are given. 

Case III. When two sides and the included angle are 
given. 

Case IV. When two angles and a side are given. 
We shall treat each of these in order. 

45. Case I. Let a, i, c be given ; to find a, )8, 7, we 
have, Art. 38, 

cos a = - 



cos/8 = 



cos7 = 



2bc ' 

g' + c'-y 
2ac 



2ab 



these equations completely determine the angles a, /8, 7, but 
are not used because they are not adapted for logarithmic 
computation, as will be shewn hereafter (Art. 61). In prac- 
tice we use the forms derived from them in Art. 39. 

46. Case II. Let a, J, a be known : to find c, /3, 7 : 

we have . sin )8 = - sin a* 

a 
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from which we find /9: we then know 

7=180- (a + )9), 

which gives 7 : and we then know c from the equation 

sin 7 



c = a 



Bin a 



This case presents a peculiarity which we will noiv^ point 
out. 

Let the angle BAG=a; AC=^h; CE, any line drawn 




from Cy equal to a. With centre C and distance CE describe 
a circle cutting AB in J?, J?*: join CB, CB ; draw CD per- 
pendicular to AB. 

If CE < CD, the circle will not cut AB at all, and there 
will be no triangle with the parts proposed, that is, there is 
no solution. 

If GE > CD and < CL4, two triangles will be formed, 
CAB, CAB' J each having the angle CAB=a, the sides 
CA = b and CB or CB' equal to a : that is to say, there are 
two solutions of the triangle. 

If CE > CAy then the circle will meet AB in points jB„ 5/. 
Now CAB^ is not a solution, inasmuch as the angle CAB or 
a is not a part of it, but CAB^^ or 180 -* a instead. Hence in 
this case there is only one solution CAB^. 

Now let us examine how these cases are indicated by the 
Trigonometrical formulae. We have sin /9 = . 
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Now CZ)=& sina, CE= a, and if CE< CD, sin)8 is greater 
than unity, which is impossible, and therefore there can be no 
solution in this case. 

If CE > CD and < G4, then sin^S is possible, and h>a 
and therefore /6 > a. Now two values /8 and 180 — )8 will 
satisfy the equation 

sin p = - sm a, 
a 

and since )9 may be either greater or less than 90° both these 
values will give solutions of the triangle. 

If GE > CAy b<a, and therefore /3 < a and y9 must be less 
than 90° ; and only the smaller of the values /3 and 180 — fi 
will give a solution of the triangle. 

From the fact that when b>a there are two solutions of 
the triangle, this case is called the ambiguous case. 

47. Case III. Let a, J, 7 be known : to find c, a, fi we 
have 

cP = a' + J' — 2ab cos 7 ; 

this gives the side c: we can then find a and )8 firom the 
formulae 

a . 
sma = -sm7, 



• i3 i • 
sm p = - sm 7. 

c 

In determining a, )8 in this manner we should have to consi- 
der the order of magnitude of a, /3, 7 from knowing that of 
a,h, c; and so determine whether a or 180 — a, ^ or 180 — y9 
are the true solutions. No ambiguity will really present 
itself. 

The following method will avoid this difficulty as well as 
be the more usefiil for logarithms, as will be shewn hereafter. 
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sin a a 



Since 



8in)8"J' 



1 Bin a— Bin 8 a — b 

we nave -: r-^ = t , 

sma + smp a + b 

2Bm — r-^COS 



or 



2 2 a-5 



2cos — :r^ Sin 



2 



or tan — -— = 1 tan — ^ . 

2 a+b 2 

Now ^=90«.?; 

2 2' 

OL — B a — b y 

/. tan — :r^= ? cot^. 

2 a + J 2 

This equation will give — - — , and since a + ^8 is known we 
can find a and /9. 

The side c wiU then be found from the equation 

sin 7 
c=^a — — - . 
sma 

48. Case IV. First, let a, i8, 7 be given; to find J, c, a. 
We have 

a= 180°- 09 + 7), 

which gives a, and then &, c are determined from the equa- 
tions • 

= a—; — , 

sma 

sin 7 
c = a— ; — - . 
sma 
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Secondly, let a, a, /9 be given ; to find J, c, 7. We have 

7 = 180'-(a + /3), 
and then b, c axe found as before. 



49. It will perhaps be of advantage to the student to 
mi 
EucJ 



compare these cases with the corresponding propositions in 
uid. 



Euclid (l. 8) proves that if two triangles have their sides 
equal, they have their angles equal; in other words, that if 
three sides of a triangle are fixed, then the angles cannot 
vary, which agrees wim Case I. 

Euclid (i. 4) in the same way agrees with Case III,, and 
(i. 26) with the two parts of Case TV. 

Case II. we have already considered geometrically, but the 
student would do well to compare it with Euclid, vi. 7. 

50. We give the following as an example of the applica- 
tion of the rmes in this section to practical purposes. 

Let it be required to find the distance between the summits 




P, Q of two inaccessible mountains. At A let the observer 
measure the angles PAB = a, QAB = a , PA Q = y; at 5 let 
him measure PJBA =:^, QBA = fi', and also let him measure 
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the distance AB = a. Let -4P= Xy AQ — y, Then he wotdd 
proceed with his calculations as follows : 

JP— — sin/S ^ sin^y 

^^-^-^sin(a + /8)' ^^-''^STflc'T?)^ 

which give x and ^. PQ is then known from the equation 

P(^ = ic» -I- ^ — 2xy cos 7. 



EXAMPLES. A. 

In solving some of these examples, the following values of 
certain Trigonometrical Ratios will be required. 

sin 11°. 32' = -2 = cos 78^ 28', 

sin 16^ 26' = '2828 = cos 73^ 34', 

sin 21°. 47' = '3710 = cos 68°. 13', 

sin 32°. 53' = "5428 = cos 57°. 7', 

sin 38°. 13' = "6183 = cos 51°. 47', 

sin 45°. 35' = -7142 = cos 44°. 25', 

sin 68°. 13' = -9285 = cos 21°. 47', 

tan 10°. 40' = '1884 = cot 79°. 20', 

tan 50°. 46' =1-2246= cot 39°. 14'. 

1. If a = 3, J = 7, c = 5 ; solve the triangle. 

Ans. a = 21°. 47', /8 = 120°, 7 = 38°. 13'. 

2. If a = 5, J = 6, c = 7 ; solve the triangle. 

Ans. a = 44°. 25', P = 57°. 7', 7 = 78°. 28'. 

3. If a = 11, J = 15, 7 = 78°. 28'; solvei the triangle. 

Ans. c = 16-7331 nearly, a = 40°. 6', ^ = 61°. 26'. 

4. If a = 3, & = 5, a = 21°.47'; find c. 

Ans. c = 7, or 2-28 nearly. 
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5. If a « M'. 13', 13 - 46'. 35', a =* 25 ; find J. 

Ans, 5 = 19*2 nearly, 

6, If a == 38°. 13', j8 = 21^ 47', c = 77 ; solve the triangle. 

Ana. a=«55, 6=^33, 7=120°. 

?• Given a, j8, and a + 6 ; solve the triangle. 

8. Given the perimeter 2«, the area S^ and the angle a of 
a triangle, find the side a. 

-47W. a = 8 cot - . 

8 2 

9. The angles of a triangle are as 3, 4, 5, and the least 
side is a ; find all the sides. 

^^- |V6, |(V3 + 1). 

10. Given the vertical angle, the base, and the diflFerence 
of the two sides of the triangle ; find the other angles. 

11. A straight line of length p bisects the angle BAG, 
and divides the side BC into parts m, n. Shew that 

^* = ic — WW. 

12. If perpendiculars be drawn firom the angles of a tri- 
angle upon the opposite sides, and the feet of these perpen- 
diculars be joined to form a new triangle, its sides are a cos a, 
b cos j8, c cos 7 respectively. 

13. Find the height of a cloud by observing its elevation 
a, and its depression /8 when seen by reflection m a lake fi-om 
a station at a height h above the surface of the lake. 

Ans. Heiffht above the lake is h — — ;^ i . 
^ sm(/3-a) . 

14. AB, CD are two towers in the same horizontal plane. 
The height oiAB is A, the elevation of -D at -4 is a, at J? is ^. 

Shew that the height of CD is . . -^ ; 

° sm(a — p) 

J xt. J- X An- A cos a cos )8 

and the distance ACia . , 7~- • 

Bm(a — p) 

B.T. 6 
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15. Two ships are lying at anchor at a. known dist^itice 
from each other : find by observations made on board the two 
ships the distance 'from either of them of an object on the 
shore^ 

. 16, Find c in the equation 

i* + c^ — 2Sc cosa — a*, 
and shew that the ambiguous case is involved in the result. 



EXAMPLES. B. 



1. .In..,tf«g...»(|+/,)-i±|.«|. 

2. A circle of radius r is inscribed in a sector of a circle 
of radius a, the chord of the sector being equal to 2c ; shew 

thati = l + i. ... 

vac 

3. Two inaccessible objects (7, D are observed from two 
stations A^Bva the same plane with them, so that 

csina 



shew that GB = 



sin (a 4-/9 +7) * 



4. A tower AB stands on an inclined plane ; at a point G 
on the plane the tower is observed to subtend an angle a ; and 
on proceeding to a point D in the line A (7, so that XiB = (X4, 
it subtends an angle ^. If ^ be the angle between the tower 
and the line A (7, then cot ^ = cot )8 — 2 cot a. 

5. A person in the valley between two hills observeia the 
altitude a of one of them. He then ascends the other through 
a vertical height a, and finds the angle of depression, of his 
former station fl, and the altitude of the hill (a — iS). The 

height of the o"J)served hill is a - «q * 
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6. A tower situated on a horizontal plane leans towards 
the north : at two points due south and distant a, h respec- 
tively from the foot of the tower, the altitudes of the tower 
are observed to be a, ^ respectively : the vertical height of 

the tower is — —5 , and its inclination to the vertical is 

cotp — cota 

. -, h — a 

tan 



ftcota — acotjS 



5—2 
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SECTION VI, 

LOGARITHMS. THEIR USE. ADVANTAGE OP LOGARITHMS TO 
BASE 10. ARRANGEMENT OP THE TABLES. LOGARITHMS 
OP THE TRIGONOMETRICAL RATIOS. 

51. We have established in the preceding sections certain 
relations between the sides and angles of triangles by means 
of which, when we know certain parts of a triangle, we are 
enabled to calculate the rest : and our examples have illus- 
trated the way in which these relations may be applied to 
calculate the heights and distances of objects which cannot be 
directly measured. In most practical cases these methods 
would involve tedious numerical calculations, and it becomes 
a matter of great importance to shorten them. This is done 
by means of what are called logarithms, as we will now pro- 
ceed to explain. 

52. In the equation N= a*, where N, a, x are any quantities 
satisfying this relation, a is called the base^ and x the logarithm 
of the number N to the base a. This relation is also thus 
expressed x = log^ N. 

Hence we obtain the following definition. The logarithm 
of a number to a given base, is the index of the power to 
which the base must be raised in order to be equal to the 
given number. 

53. In the equation N = a*, let a be some constant 

?uantity greater than unity : then as x gradually increases, 
T gradually increases ; 

when a? = 0, -^"=1; when a? = 1, N=a; 

when a? = 2, N= c?; and when a? = oo , N=^ oo . 

As x increases from to 1, jST increases from 1 to a ; and 
whatever value x may have between and 1, there must be 
some corresponding value of N between 1 and a. And 
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generally, whatever positive value be given to x, there mtist 
be some corresponding value of N between 1 and infinity. 
And if We give x all possible values between and oo , the 
corresponding values of N will comprise all jK)ssible valued 
between 1 and oo . 

Again, if x receive all possible values fix)m to *- oo , 

N must receive aU fractional values between -^ and -=• , that 

a a 

is, between 1 and 0. 

Hence, by giving x all values from — oo to + oo , N will 
have all values from to oo , that is, all positive values. 

And inversely, whatever positive value Ntclbj have, there 
must be some real value of x, such that (f = N. 

If a be less than unity, let a — t , then a' = Ir'=iN; and 

by giving x all values from + oo to — oo , we give &"* all 
values from to oo , and therefore a* or N all values 
from to oo • 

If a = 1, all powers of a are equal to unity, and We canHot 
make a'=^N, 

If ct is negative, the Values of a" are sometime positive, 
sometimes negative, sometimes impossible, and so we cannot 
always make it equal to N. So also if jN'is negative we can- 
not always find x, such that a* = N. 

Hence we conclude, that if a is any positive quantity other 
than unity, we can always find t quantity -AT equal to a* what- 
ever real quantity x may be, and we can always find a value 
of Xj such that a* = Nj whatever positive quantity Nmsiy be. 

Now in order to make logarithms of any practical advantage, 
we must have the logarithms of all numoers up to a certain 
magnitude, calculated to a given base, arranged in tables ; such 
an arrangement is called a table of logarithms, and the series 
of numbers and their corresponding logarithms is called a 
system of logarithms. Hence we see that the base of our 
system of logarithms must be positive, and the logarithms of 
negative numbers must be excluded. 
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We shall assume in the present treatise that the logarithms 
of all numbers to any positive base other than unity can be 
calculated to any degree of accuracy, and arranged in tables. 
The use of such tables is all that falls within our province. 

54. Let a?, y be the logarithms of the same number N to 
the bases a, h respectively. Then 

x^logaN, y = log,iV; 
and we have 

.\ -=log„5; 

y ■ 

Hence if we know the logarithm of any number N to base a, 
and also the logarithm of b to the same base a, we can find 
the logarithm of -ST to the base ft, by multiplying log^jN" by 

the fraction :j j- • This multiplier is called the modulus of 

the system whose base is ft to the system whose base is o, 
because by means of it we can reduce a system of logarithms 
with base a, to a system with base ft. 

To prove that loga ft x log^, a = 1. 

Let a? = log«ft, y = log,a, 

then rf* = ft, ft" = a, 

or loga b X loge, ft = 1, 

which was to be proved. • 
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55. To find the logarithm of a product or quotient j of 
a power or root. 

Let » = log.Af, y = log.^, 

then M=cS', N=e/', 

.'. log. (MN) = jB + y = log, M+ log. ^"5 

i 

similarly log. {MNP. ..) = log. M+ log« N+ log. P+ . . . 
Again, i?"^"""^' 

••• loga(j^j=a-y = log«Jlf-log«JV: 

Again, since M^(f^ 

.'. M' = a"', 
/. loga Jlf '' = ra; = r loga Jf. 

This is true whether r be whole or fractional, 

.•. log. llM= log. Jf '' ^ - log. M. 

It is on these properties that the great utility of logarithms 
depends — ^for the logarithms of the product of two numbers, 
we here see, is equal to the sum of the logarithms of the 
numbers, and so a process of multiplication is reduced to one 
of simple addition. And in the same way we. facilitate the 
operJitions of division, involution, and evolution, by reducing 
them to subtraction, multiplication, and division respectively. 

Ex. To find the value of 177985683. 

We find from the tables that 

log,, 7985683 = 6.9023122, 

/. log,, 77985683 = ^:?2^?1!E = .4313945 ; 
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But from the tables we have 

•4313945 = logj^ 2-700191, 
/. iy7985683 = 2-700191, 

56. Let the logarithm of any number N to base 10 be 
n+d, where n is some integer, positive, or negative, or zero; 
and d a decimal fraction ; then 

and log^^lff^N= log.^ 10" + log^^JV^ m+n + ^. 

Hence we see that the logarithms of -N^and lO'^jN'to base 10 
have the same decimal part, whatever integer m is, positive or 
negative. And if we have a system of logarithms calculated 
to base 10, the same decimal part of the logarithm will cor- 
respond to all numbers which differ from each other only in 
the position of the decimal point, or which can be derived 
from each other by multiplym^ or dividing by any power of 
10 (numbers of this kind are said to have the same significant 
digits). It is from this property that 10 is chosen as the base 
of the system of logarithms in common use; and for the 
future we shall speak of the logarithm of a number to the 
base 10, as simply the logarithm of the number, and we shall 
leave out the suffix, in writing it, thus by log N we shall 
mean log^^. 

57. The integral part of a logarithm is called its cJiarac- 
teristicy the decimal part its mantissa. We have shewn that 
all numbers having the same significant digits have the same 
mantisssB, we now proceed to shew how the characteristic may 
be determined' in any particular case by simple inspection. 

Let ^ be a number which has one digit before the decimal 
point, that is to say, some number between 1 and 10 : then 
log ^ must lie between and 1, and is therefore some decimal. 

Let log^=e?, 

then l(r"W is a number which has n figures before the deci- 
mal point, and its logarithm is (n — 1) + d. Hence we see 
that if a number has n figures before the decimal point, its 
characteristic is (n — 1). 
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Again, r— i+r ^^ ^ cyphers after the decimal point, before 

the first significant digit, and its logarithm is — (n + 1) + d. 
Hence, if there are n cyphers after the decimal point, the 
characteristic is — (w + 1) 

This last case requires some explanation : 

-(»+l) +c?=-n-(l-(i)=-w-rf' = -(n + J')i 

where e?' = 1 — <? and is some decimal. Here the logarithm is 

negative, and the integral part — n : also the mantissa d' of 

N 
log-— j^ij is not the same as d the mantissa of log-^T, which 

seems to contradict what was before observed : but it is found 
more convenient to consider all numbers as having logarithms 
with positive mantissas, and it is with this convention that we 

say that logjRTand logrrs+i ^^^^ *t® OBme mantisssB, and that 

the characteristic of the latter is — (« + 1). Without this 
convention we should be obliged to have two tables, one for 
numbers greater, and the other for numbers less than unity. 

Ex. log 5-4952 = '7399835 ; 

/. log 5495-2 = 3-7399835, 

and log -0054952 = 3-7399835, 

the — sign placed above the 3 in the last case signifying that 
the characteristic alone is negative. 

Thus 3-7399835 and - 3*7399835 are different: in fact 
3-7399835 = - 3 + "7399835 = - 2-2600165. 

58. In the tables in common use the mantissas of the 
logarithms of all numbers firom 1 to 100000, calculated to 
seven decimal places, are arranged in order. Thus when we 
have any number containing only five significant digits we 
find the mantissa of its logarithm directly firom the tables, 
and prefix the characteristic by inspection ; and if we have 
a logarithm, we can find the logarithm nearest to it in th& 
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tables, and so find the corresponding number correctly to five 
significant digits. 

Numbers of more than five digits must be taken from the 
tables hj means of what are called proportional parts ; for an 
explanation of which the student must consult more advanced 
treatises on the subject. We will only observe that in deter- 
mining the side of: a triangle of about a mile in length to five 
digits, the error cannot exceed one inch ; a degree of accuracy 
which is Mly equal to that of the ordinary mstruments for 
surveying. 

r 

59. Since the Trigonometrical Katios of angles are real 
quantities, they also can have logarithms, just in the same 
way as other quantities. The logarithms of the sines, cosines, 
tangents, cotangents, secants, cosecants of all angles are 
arranged in ordinary tables at. intervals of one minute. In 
some tables they are given for eveiy second. They are cal- 
culated to seven decimal places as for common numbers ; but 
since they are mostly negative 10 is added to them,. to make 
them positive : hence the tabular logarithms of the Trigono- 
metrical Katio of any angle is equal to the real logarithm in- 
creased by 10. Or as they are written, 

Z sin a = log sin a + 10, 
and so for the others. 

60. Also since fein a= cos (90 — a), therefore 

log sin a = log cos (90 — a) . 

Hence if we have the log-sines of all angles firom 0^ to 45°, we 
also have the log-cosines of all angles fi-om 90® to 45° : and 
if we have the log-cosines of all angles firom 0° tp 45°, we 
have also the log-sines of all angles firom 90° to 45°/ Hence a 
complete table of log-sines and log-cosines firom 0° to 45° is 
also a complete table to 90°. This is taken advantage of in 
the arrangement of the tables. The column headed smes and 
counted downwards firom the top of the page is headed cosines 
at the bottom of the page and reckoned upwards, as may be 
best imderstood by inspecting the tables. The same arrange- 
ment applies to the tangents and cotangents, the secants and 
cosecants. 
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EXAMPLES. A. 

In solving the following examples these logarithms will 
be required. 

log 169408 = 5-2289333, 

log 2 = -3010300, 

log 3 = -4771213, 
log 309017 = 4-4899824, 
log 3727593 =.6-5714286, 
log 4-23665 = -6270227, 

log 4-45813 5= -6491525, 
log 7 = -8450980, 
log 739148 = 5-8687314, 
L sin 18" = 9-4899824, 
i cos 18" = 9-9782063. 

1. Find the logarithms of 

309-017, '0000309017, 309017000. 

2. Find the logarithms of all nmnbers from 1 to 10. 

3. Find the logarithms of the Trigonometrical Satios of 
30" and 45", 

a/2 

4. Find the logarithms of 12, V(45), ~^ . 

Ana. 1-0791812, -8266062, 1-9914746. 

V3 

5. Find the value of iT^^TL • -^«^- '739148. 

6. Find the value of 1(1) . Ana. 1-69408. 
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7. Find the value of (-OOSSy. Am. -445813. 

8. If 20* = 100, find a?. Ans. 1-357. 

9. K 7* = 2, find X. Ans. "356. 

10. Find L sin 36*, L tan 18". 

Ans. 9-7692187, 9-5117760. 

EXAMPLES. B. 

©1ST 
^. Ana. -000000423665. 

2. Find the value of fjJ^Yt Ans. -000003727593. 

3. Find the value of sin 18' ; and shew that the value 
found above (page 40) is equal to it. 

4. Ifofse", findtheftaction-. 

5. Shew that log, x : log» x = log, b : log, a. 

6. Transform V(3 sin a) = i /y/(^^ » 

into equations between the tabular logarithms of the quan- 
tities involved. 

7. Assuming that log 250 and log 256 diflfer by -0103, 
shew that log 2 = -30103. 

8. Find the logarithm of 9 to base 3V3, and of 125 to base 

Ans. 1-3, 3*6. 
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SECTION vn. 

APPLICATION OF LOGAEITHMS TO THE SOLUTION OF 

TRIANaLES; ILLUSTRATION. 

61. "We have seen that when we know the logarithms of 
any numbers we can at once find the logarithm of their pro- 
duct and quotient, but that we cannot apply logarithms directly 
to the determination of the sum or difference of numbers. 
Hence in calculating any parts of a triangle from the others by 
logarithms we must use the formulae which connect the parts 
by means of fswjtors only, and if we wish to use one of the 
others we must transform it to the form of a product. 

Thus in calculating a from the formulae 



QOsa = 



2bc 



we cannot apply logarithms directly, but if we transform this 
equation to 



cos 



a _ // 8.8 — a \ 



logarithms become immediately applicable. 

We may observe by the way, that in using the first equa- 
tion we should have to perform four operations in multiplica- 
tion and one in division ; in using the latter we should have 
to look out five logarithms. If a, ft, c were simple numbers 
the first operation would probably give the least trouble, but 
as in practice they are generally quantities of five or six digits, 
the latter is much the shortest. 

62. In most cases of solution of triangles the formulae to 
be employed are in the form of products : the case which 
offers most difficulty is when two sides axe given and the in- 
eluded single ; this we accordingly proceed to discuss. 
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Let a, J, 7 be given ; it is required to find the other angles 
a, /9, and the side c. 

Since tan — - — = 7 cot Z • Art. 47, 

2 a + b 2 

* 

we have 

log tan — ^ = log (a - J) - log (a + i) + log cot | , 

(supposing a > J) which gives — — - ; -— ^ is abeady known, 
and therefore we can easily determine a and ^. 

Having found a and ^ we can find (5 from the equation 

sin 7 
c= ". — ^, 
sm a 

or log c = log a + log sin 7— log Bin a. 

63. It sometimes happens that in solving this triangle we 
may know log a, log- J, out not a and J, and it becomes an 
object to save the trouble of looking them out in the tables. 

tan — ^ = — — y cot ^ 
2 a + J 2 

a .7 

o 

Let- = tan^, an assumption which is always allowable, 
since the tangent of an angle may have any value ; 

. A a — iS 1-tanA ,7 

then ^«^-^^ = 7-r7 — I^^^o 

2 1 + tan <^ 2 

s= tan (45^ — ^) cot \ . See page 40, Ex. 4^ 
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Now logtaii^ = log6— loga, 

and Is known at once, and therefore ^ may be found from the 
tables, and so we know 45° — ^, and can then determine — ^ 
from the equation 

logtan — ^ = logtan (45° — ^) + log cot^. 

This method reqnires fonr logarithms to be looked out ; if we 
had found a and h first and proceeded by the former method 
we should have had to look out log a, logi, log(a + i), 

log(a — i), log cot ^, logtan — -— ; in all six logarithms 

instead of four. 

In these formulsB we have used the natural logarithms and 
not the tabular logarithms of the Trigonometrical Eatios : we 

must in all cases substitute L tan — ^ 10 for log tan — — ^ , 

and similarly for the others. 

64. We will illustrate the use of this method by the ex- 
ample in Art. 50. 

Let . a = 37°. 30', 

a' = 28°. 40', 

fi = 45°. 25', 

ff « 75°. 36', • 

7 = 16°. 28', 

a = 375-98 yards. 

Then our calculations will be as follows : 
log X =5 loga + i/ sin /8 — X sin (a +ff) 

= log 375-98 + L sin 45°. 25' - L sin 82°. 55' 
= 2-5751647 + 9-8526204 - 9-9966727 
« 2*4311124. 
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Again, obserring that 

log siu (a' + fi') = log sin {180' - (a' + fi% 
we have 

logy = log a + i sin ^' - X sin (a + fi') 

= 2-5751647 + 9-9861369 - 9-9863952 
= 2-5749064. 

Now itan — — ^ = i tan (45°- ^) +icot^- 10, 

^ 2 

where log tan <f> = log a; — log y 

= -•1437940, 
and therefore X tan ^ = 9*8562060 

= i tan 35^ 41'. 
Hence 45' - ^ = 9°. 19', 

and L tan —^ = 9-2149894 + 10-8395431 - 10 

= 10-0545325 
= i,tan48'.35'. 
Hence P- Q = 97*. 10', 

P+e=:163'.32'; 
.-. C=i33Ml'. 

Now PQ^^a^. 

.'. logP^ = Xsin7-iisin^ + loga? 

« 9-4524879 - 9-7382412 + 2-4311124 
« 2-1453691 
« log 139*75. 
And therefore PQ = 139-75 yards, the distance -reqnirei 
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EXAMPLES. A. 

In addition to the logarithms given before the Examples in 
the last section, we ahiul now want the following, 

log 1-590643 » '2015726, 

log 2-07 =» -3159703, 

log 3-652281 » -5625642, 

isin6*.22'.45" = 9*0457574 =i cos 83*.37M5", 
L sin 23^42'.43" = 9-6043801 = i cos 66".17M7", 
L sin 53^27^20" = 9-9049296 = L cos 36^32^40", 
i sin 62^6^51" « 9-9463950 =*i cos 27^53^9", 
L tan 10^53'.36" = 9-2843181 = L cot 79".6'.24", 
L tan 11M6M0" = 9-2994355 = i cot 78*.43'.50", 
L tan 57*.54' = 10-2025255 = i cot 32^6', 
i tan 71^33'.54" = 10-4771213 = icot 18^26'.6". 

1. If the sides of a triangle axe 32, 40, 66, find the 
greatest angle. Ans. 132^34^34'^ 

2. The sides a, &, c of a triangle are in the ratio 4, 5, 6, 
find 0. An8. = 55*.46M8". 

3. If a=45^ a = 14000, i= 15906-43, find the other 
angles. Ana. ^8 = 53^27'.20", 7 = 81^32^40", 

or /3 = 126*.32'.40", 7 = 8^27'.20". 

4. If one angle of a triangle is 60^, and the sides contain- 
ing it are 20, 10 ; solve the triangle. 

Ans. Angles are 30^ 90^ the third side is 17-32. 

5. Two sides of a triangle are to each other as 9 : 7, and 
the included angle is 64^12' : find the other angles. 

Ans. 69M0M0", 46'.37'.50". 

6. If a = 23^42'.43", = 18^ a = 207 ; find h. 

Ans. 6 = 159-0643. 

B.T. 6 
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7. If a = GO'*, /8 = 57'.53'.9", c = 3727-593 ; find a. 

Am. a = 3652-28. 

8. If log o, log b are given, find log (a + b) by means of 
a subsidiary angle. 

Find also log (a r- J), where a > 6, 

9. Shew how to find the value of the following expres- 
sions by means of subsidiary angles : 



EXAMPLES. B. 

1. If two sides of a triangle are 70,35, feet respectively, 
and the included angle is 36^52'.12''; find the remaining 
angles. Ana. 116^33'.54", 26^33'.54". 

2. If the angles of a triangle be in arithmetical progression, 
and the greatest side is to the least in the ratio 5:4; find the 
angles. : Ans. 70^53'.36", 49^6'.24". 

3. One angle of a triangle is 60^, and the ratio of the side 
opposite to it to the difference of the sides containing it, is 
9 V3 : 2 ; find the remaining angles. 

Ans. 66^22^45", 53'.37M5", 

4. If a? = a* + J* + a5, shew that subsidiary angles may 
be used to determine x from x = ^{ab) sec ^, where 

tan^ = -, 
a 

and tan'^ = 2cosec(2d). 
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SECTION VJII. 

CIRCULAR MEASURE. POLYGONS INSCRIBED, AND CIRCUM- 
SCRIBED ABOUT A CIRCLE. AREA OF A CIRCLE. 

65. There is another system of measuring angles besides 
that by degrees or grades, which on account of its importance 
in all the higher branches of mathematics, it will be necessary 
to say something about in this treatise. 

We must premise the following propositions. 

The ratio of the circumference of a circle to its diameter is 
the same for all circles. 

To prove this, we shall assume, what is proved by Newton 
and appears almost self-evident, that if in a curved figure a 
polj^gou be inscribed, and the number of sides of the polygon 
be mcreased and the magnitude of each side diminished with- 
out limit, the perimeter of the polygon becomes more and 
more nearly eaual to that of the curvilinear figure, and is 
ultimately equal to it. 





Let ABGD^ abed be two circles whose centres are 0, o : 
and in ABCD let a polygon ABGD,.. be inscribed; in abed 
let a similar polygon abed... be inscribed, then we have 

6—2 
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AB ; AO = ab : ao, 
BG : AO = bc : ao, 
CD : AO^cd : dOy 

Rence AB+BC+ CD +.... : AO = ab + he + cd-\-.... : ao, 
or Perimeter of polygon ABCD. ..: AO^ Per. of pol. abed : ao. 
Now this proportion is true however many sides the polygons 
have ; let their number be increased, and the magnitudes of 
each. of them diminished indefinitely; then the perimeters of 
the polygons become the circumferences of the circles, and we 
have 

circumference ABCD : AO^ circum. abed : oo, 

or the ratio of the circumference of a circle to its diameter is 
the same for all circles. 

This ratio is generally denoted by the symbol tt; so that 
if r be the radius of a circle, and 2r its diameter, its circum- 
ference is 27rr. The value of w has been calculated, and is 

22 

found to be 3*14159 or the fraction — nearly. 

66. We must next prove that the angle subtended at the 
centre of any circle by an arc equal to the radius of the circle 
is of invariaole magnitude. 

Let A OP (fig. Art. 7) be an angle at the centre of the circle 
ABA'ff, such that the arc AF la equal to the radius AO: 
then, since angles at the centre of a circle are as the arcs on 
which they stand (Euclid vi. 33), 

angled OP arc^P r 



4 right angles circumference ABA'B* 2wr ' 

(since arc AP= radius, and circumference = 27rr), 

, ,^^ 4 right angles 2 right angles 
or angle ^C/P= ^ — ^ — — 2 3 — . 
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Now TT being invariable, and this expression independent 
of r, the angle AOP is the same whatever be Ae size of the 
circle. 

Hence it appears that this angle is a proper standard bj 
which to measure other angles. If this angle be taken for 
unity, any other angle which is times as great will be 
represented by ^. r is called the circular measure of the 
angle. 

67. To shew that tf, the circular measure of an angle, is 
equal to the arc subtended by that angle, divided by the 
radius. 

Let AOP be the angle whose arc J^P= radius AO^ AOP^ 
saij other angle whose circular measure is 0, then 

^ _ angle A OP ^ _ arc AP^ _ arc 
"" angle J^ OP "" arc -4P ""radius' 

Since the arc subtended by four right angles is 27rr, the 
circular measure of four right angles is — = 27r. Hence the 

measure of a right angle is - • 

68. To pass from circular measure to degrees and grades 
and vice vers&, we have, as in Art 5, 

:^=_^ = 2^ 
90 100 TT • 

To find the number of degrees in the unit of circular mea- 
sure, put ^ = 1 in this equation, then we have 

TT 3'14159 

69. It is usual to represent angles when degrees are used 
by the Soman letters A, B, C, ... , when circular measure is 
used, by the Greek letters a^fi, 7, ... 0^ <f>, ... We have used 
the latter throughout this treatise, even when the student had 
no idea of circular measure. Our reasons for so doing are 
mentioned 'in the preface : whilst we are merely dealing with 



86 



PLANE TBIGONOMETBY. 



the relations amongst the Trigonometrical Batios of various 
angles, the measure we suppose employed is of no conse- 
quence; but when we trace relations between the angles 
tnemselves and their Trigonometrical Katios, we must always 
use circular measure as in the following article. 

70. To shew that —3- , — ^ are equal to unity, when 
^ = 0. 

Let Z ^ 0J?= Z .4 OjB'= (?, and draw BOB' perpendicukr to 
0-4, and let BAB be the arc of a circle whose centre is : 
draw BD, BD to touch this arc at 5, B\ 



Then 




a . Sabt ba 



OA' 



. ^ BD BD 





. ^ BG BG 
''""^^OB^OA' 


Hence, since 


BD + l)B'>9xcBAB, 


and 


BB'<sicBAB\ 


we have 


tsLn0>0, 


and 


sm0<0; 



BEGULAIt POLYGONS. 
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Hence tan 0^ 0^ sin are in descending order of magnitude ; 
hence 

ain^ sin 5 ftind 

tan«' nr"' ^0' 
hm0 



or 



cosd, 







are in ascending order of magnitude. But when = 0, 
cos 5=1, therefore also —3— must in this case equal unity. 



Also 



tan 1 sin 5 



= 1 when 5 = 0. 



cos5' 

71. To find the perimeters and areas of regular polygons 
inscribed and circumscribed about a circle. 




Let -4J9, ah be sides of regular polygons of n sides circum- 
scribed and inscribed about a circle whose centre is 0. 



Then 



lAOB^ JLaOh^ — , 

n 

n 



Let Oa the radius of the circle = r, 
Then 



IT 



AB = 2aB = 2r tan - ; 

n 



perimeter of circumscribed polygon = n • AB 



IT 

= 2wr tan — : 
n 
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area of cixcamscribed polygon 

^n • oJ?. Oacs: nr^ tan -" • 

Again, perimeter of the inscribed polygon = 2nr sin — . 
Area of inscribed polygon ^n.AaOb^^n^^aO.hOsiaaOb 

»= inf^ sin -- . 

72. To find the area of a circh. 

This equals the area of the inscribed polygon when the 
number of sides is made infinite. 

Let — aad, then n= -5-, and when w = cx), ^ = 0, 

The area of polygon becomes 

TT 9 . >j ,sin& 
•^r*sm^=s7n^— g-, 

when ^ s= 0, -—g- = 1 ; 

hence, the area of the circle = 717^, 



EXAMPLES. A. 

In the following examples the value of tt is supposed to 
be y. 

1. Find the circular measures of 35^, 35*. 

Ans. '61, '55. 

2. Find the degrees &c. in an angle whose circular mea- 
sure is 1'21. Ans. 69^ 18'. 

3. The radius of a circle is r; find the length of an arc 

which subtends A^ at the centre, Ans^ H^L^ 

180 
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4. The radius of the Earth being 4000 miles, what is the 
length of 1^ of the meridian ? Ana. 69 M miles, 

5. How far does a person at the equator travel in a second 
bj reason of the Earth's rotation about its axis. 

Ana. 256 jards nearly. 

6. The diameter of the Earth's orbit about the Sun being 
192,000,000 miles, how fax in space does the Earth travel 
in one second? Ana. 19 miles nearly. 

7. The greatest square possible is cut out of a circle whose 
radius is r, the area of the remainder is (ir— 2) r*. 

8. The area of a square inscribed in a circle : the area of 
an equilateral triangle mscribed in the same circle, as 8 : 3^3. 

9. If a^, a^y a, be respectiveljr the sides of a regular penta- 
gon, hexagon, and decagon inscribed in a circle, then 



EXAMPLES. B. 

1. Find the length of an arc subtending an angle of 60^ in 
a circle whose radius is 105 feet. Ana. 110 feet. 

2. If the length of an arc of 60® is 11 feet, then the radius 
of the circle is 10 feet 6 inches. 

3. If a right angle were divided into 80 parts, and each of 
these into 80. Find the number of the latter parts contained 
in angle whose circular measure is *001. Ana. 4]^. 

vers 

4. Shew that ^ . ^ = i, when ^ = 0. 

5. Shew that — ^ — ^ = — i when ^« 0. 

smna n 
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6. A circulax flat object at distance a subtends an angle of 
30', its area is , ., very nearly. 

7. If a be the angle whose arc is r^, and radius r,, and gt 
the angle whose arc is r, and radius r^, then 

8. If jB, r be radii of circles circumscribed about, and in- 
scribed in a regular polygon whose side is 2a, then 

9. The Earth*s radius being R and the height of i^ tower 
h ; find how fax an object at sea must be from the foot of the 
tower so as just to be visible from the top. 

Ana. R cos"* -5 — t . 

10. The height of one ship is n times that of another, and 
the top of one is just visible from the masthead of the other 
at the distance of a miles. Given R the Earth's radius, shew 
that the height of one is given by the equation 

_i -B . -1 -B d 

cos'-K-; — -^^^ tTI =»• 

M-^-x R + nx M 

11. The radius of the circle of latitude 60** is 2000 miles. 

12. What distance is travelled in an hour by a person 
situated in latitude 60°, by reason of the Earth's rotation? 

Ans. 261^ miles. 

13. If two plumb-lines suspended from points at a given 
distance anart on the Earth's surface axe inclmed at an angle 
of m" ; ana at n" when at an elevation h. Then the radius of 

the Earth is very nearly. 
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inSCELLANEOUS EXAMPLES. 

1. Prove that the ratios of the angles denoted by a French 
and English degree, minute, second, are expressed oj 

275' 27^' 275-. , respectiyely. 

2. Shew that m'=^m+^ m\ and n" = 3n* + ^ n*. 

a 

3. Find the yalue of the interior angle of any regular 
polygon of « sides. ^^^^Lzl^^ff. 

n 

4. One regular figure has twice as many sides as another, 
and an angle of the first is one-third as large again as an 
angle of the second : find the interior angles of each. 

Am. 144^ 108^ 

5. The len^h of the line bisecting the angle a of a tri- 
angle and meeting the opposite side is 

2'^ be .. , .. 

6. >If regular pentagons be inscribed and circumscribed 
about a circle, then perimeter of the former : perimeter of 

the latter == V5 + 1 : 4. 

7. If coB^sscosacosiS + sinasin^cos^y 

A 

and sin'^ = sinasin/8cos*— , 

then . sin"- = sin(--2^ + ^lsm (— ^'-^j. 
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8. If tan a?s COS a tany, then 



tan(y-a;)« 



tan" - sin 2y 

a 

1 +tan*-cos2y 



9. Eliminate between the equations 

m = cosec 5 — sin d, » =s sec ^ — cos ^. 

Ans. {mny (wi* + »*) = 1. 

a. S 

10. Ktan-atan'^, and tan)9s«2tan^, 

then * = ^- 

11. If acos5 + 6cos(tf + a) be put in the form 

^C08(fl + J?): 
find the values of A and B. 

Ana. Ass J(a* + b* + 2ai cosa). JB=tan"* 7 • 

^^ '' a + ftcosa 

12. Divide a given angle a into two parts, whose sines are 
in the ratio m : n. 

. ... fnsina ... nsina 

Ans. sm * .. . . . . ^ ; — r , sin 



V(«»*+»'+2wi»sin a) ' V(«»* + n* +2 mn sin a) * 

13. If oos(^ — a)> 008^, cos (^ + a) are in h. p. then 

COS ^ =: V2 cos - . 

14. The elevation of a tower standing on a horizontal 
plane is observed ; a feet nearer it is found to be 45^ ; b feet 
nearer still it is tiie complement of what it was at the first 

station ; shew that the height of the tower is 1- feet. 
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15. The distance between the centres of the insQiibed 
circle and of the escribed circle tonching the side £C is 

a 
a sec - . 

16. Prove the following expression for the area of a tri- 
angle, 

1 /a' cos )8 cos 7 5' cos a cos 7 0* cos a cos /9\ 

2\ sin a sin^ 8in7 /* 

17. A number of spheres are put in a hollow cone one 
above another, and each touching the one above, the one be- 
low, and the sides of the cone. Shew that the radii of the 
spheres form a geometrical progression of which the common 
ratio is 

a being the vertical angle of the cone. 

18. From one of the angles of a rectangle a perpendicular 
is drawn to its diagonal, and from the point of intersection 
lines are drawn perpendicular to the sides which contain the 
opposite angle ; shew that if p, p be the perpendiculars last 
drawn, and d the diagonal of tne rectangle, 

19. If two circles whose radii are a, 5 touch each other 
externally, and if ^ be the angle between their common tan- 
gents, shew that 

{a + hy 

20. If (a + J)tau(^-^) = (a-S)tan(^ + ^), 

o cos 2<^ + J cos 2^ = c. 
Then J'- a' - c" + 2 ac cos 2<f> = 0. 

21. Shew that sm S0 sin" + cos 3^ cos' 0^ cos' 20. 
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22. Kcot)3-cot^=:cot(a+^)-cot(a-)8), 

sin (a — fi) sin (a + 0) 



then 



sin^ Bind 



23. If tan ^ = 2-V3, find sina. 

24. The elevation of a tower at a place A due south of it 
is 30^ ; and at a place JP, due west of A, and at the distance a 
from it, the elevation is 18° : shew that the height of the tower is 

a 



V(2V5+2)' 

25. If sin a + sin {0 - a) +sin {20 + a) 

= sin(d + a)+sin(2d-a), 

then d = cos ^ =-^4 • 

4 

^^ T^ m tan (« — a?) _ wtanaj 
cos a; cos* (a ^ a?) 

then tan (a — 2a;) =s tana* 

^ n + m 

27. If a, a* be homologous sides of similar triangles in- 
scribed in and described about a given circle, then 

o=:4a sm-sm^sm^, 

Ji Ji A 

28. In the ambi^ous case in the solution of triangles, if 
a, iS, 7, a, jS', 7', be the angles of the triangle in the two solu- 
tions 

sin 7 sin 7' ^ 
-T— 5 + -T— ~ = 2 cos 0, 
smp smp^ 

29. The elevation of two clouds to a person in the same 
line with them is a. When standing on the shadow of one of 
them its elevation is 2a, and the other is vertically over him. 
Shew that the heights of the clouds are as 2 cos' a : 1. 
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30. At each of three stations in the same hoiiiontal pboe^ 
and at given distances from each other, the eleTation of a 
tower is observed to be ou Find the height of the tower. 

31. In any triangle 

a cos 2^ + 2& cos a cos iS + a cos 27 + 2c COS a cos 7 s 0. 

32. If V(<*" — fic*)oo8i8 + a8ina«a5sini8, then 

aj = + acos {a±P). 

33. The elevation of a tower on a horizontal plane is ob- 
served : on advancing a feet nearer its elevation is found to 
be the complement of the former. On again advancing its 
elevation is found to be double of its first elevation : shew 

that the last station is - feet from the foot of the tower. 

34. If the line bisecting the right angle 7 of a triangle 
divide the hypothenuse into parts x, y ; then 

a?:y=l— <:l + <, 
where « = tan — ^. 

35. If sin5 + sin25 = 7n, 

cos 5 + cos 2d = n. 
Then (w^ + n*)"- 3 (w^ + n*) -2n = 0. 

36. (sin a + sec a)*+ (cos a + cosec of =» (1 + sec a cosec a)^ 

37. tan"" {\ (Cof ^ - tan* ^)} = 2 tan"* (cos 20). 

38. A person observes that a tower and spire on a hill 
subtend the same angle )3 ; on ascending the hill a feet, he 
finds the tower subtends an angle 7 and the spire again sub- 
tends an angle p : given a the slope of the hill, shew that the 
height of the spire is 

a sin* fi 



I— ., ^ 



sin (7 - /8) cos (a + /8 + 7) * 
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39. If the diameter 2B of a semicircle be divided 
into any two parts: and on these parts semicircles be de- 
scribed whose radii are r^, r^; then, the radius of the circle 
which touches all three semicircles is 



iP-r.r/ 



j/v cii. xt ^ 8m2a4-8m4a4-sm6a . .. « 

40. Shew that z = ^ = tan a + tan 2a. 

4 cos a cos' 2a 

41.. A person on the top of a mountain observes the de- 
pression 45° of an object on the plane below him : he then 
turns through an angle of 30°, and observes the depression of 
another object on the same plane to be 30°, On descending 
the mountain he finds the distance between the objects is d. 
Shew that the height of the mountain is also d, 

42. If a, j8, 7 be in arithmetical progression, 

sm(a-p) sin08-7) '^ 

43. A tower stands in a field in the form of an equilateral 

4 4 _ 4 

triangle, and subtends angles tan"* -^, tan"* -^ , tan *-y- at 

the three comers : its height is equal to a side of the field. 

44. If tan-*-^-taji-*^ = :^, 

a? — 1 x+1 12 

then a; = V3 + 1« 

45. If tan (19 +^) = «i tan (5-^), 
and a cos' ^ = 8 cos' ^, 

then cos' = -) — . ^/g,^ — f ttj-. «• 

{m -f 1) 6 — [m — 1) a 

46. If X, y, zhe the lines joining the feet of the perpendi- 
culars from the angles of a triangle upon the opposite sides, 



then -5-H-n + -2= — ttt 
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47. If coB(a-i8)sm(7-S) = cos(a + /8)8ui(7+S) 
then cot8 = cotacot^cot7« 

48. Shew that 

sin a cos 08- 7) -sin)8cos (7-a) = sin(a-/8) cos 7. 

49. Shew that 

1 + tan - 
cos« + sin7-Bin^ 2 jf^+^ + ^^g^y,, 

cos /3 + Bin 7 — sin « i +*gm& 

50. Shewihat 

2 cosec 2g — gee g _ j/.-o , ^ 
2coBec2d + sec^~*^**'^i,^ "^2r 

61. If a+)8 + 7=0, 

cosa + cos)8 + cos7 + l = 4cob- cos^ cos^. 

' 2 2 2 * 

I* 

52. If the area of a triangle be conptant, the sum of the 
cotangents of the angles, varies as the sum of the squares of 
the sides. 

53. A column on a pedestal 20 feet high subtends an 
angle 45^ to a person on the ground ; on approaching 20 feet 
it again subtends an angle of 45^. The height of the column 
is 100 feet. 

54. Shew that 

cos* <r + cos' (o- — ^) + cos* {(r — (f>)+ cos* (<r — '^) 

= 2 + 2 cos ^ cos ^ cos i|r, 

where (r= ^ — ^. 

B. T. 7 
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55. If tandsco82a, 

XT. • c^n 1 — taii*a 
then sin 20 —rr-—: — r- • 

1+tan a 

56. Shew that 

2 tan ■^COB"*-77T-— -sr - cos"* -77;-— jTf ss a?-* - . 

57. Shew that in a triangle 

(ra-r) {r^-r) {r^—r) = 4-Br^. 

58. If a'Vc' be the perpendiculars from the centre of the 
circumscribed circle upon the sides a, b^ c respectivelj, then 

a h , c 1 abc 



a 4t aoc 



59 



• Shewthatcos-4«8in-*J = tan-*(^^^^^^^ 

60. If a«tan"'J, i8 = tan""*^, then 

cos2as=sin4^. 

61. If 2tanx + tan(a-a;)=:tan03+a;}, then 

2smasmp 

62. From the top of a tower the depresdons a, fi ol two 
objects in same horizontal plane with the fi>ot of the tower are 
observed, and also the angle o» which thej subtend; and the 
distance a between them is known; the height of the tower is 

a sin a sin iS 



V(sin* a + sin'/S — 28in a sin /3 cos w) * 
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63. Sbew that 

sin o + sinyS + sin7 — Bin (a + i8 + 7) 

sa 4 sm sin — 5-=- sin ^ . 

64. If sin + sin ^ = m, 
and cos + cos ^ = n. 

Then co8(^ + ^) = J^. 

65. Shewihattan->-^^^-tan-^::^=^. 

1 — a sin 9 cos 9 ^ 

66. If the tangents of the half angles of a triangle be in 
arithmetical progression, shew that the cosines of the whole 
angles are so also, 

67. Shew that 

^ 1 — m* _, 1 — w* . -X 2 (m — n) (1 + mn) 
cos^ -— — 3— COS 'r— -j=:tan ^-j^ r^^-^^^ ^. 

68. If the straight line which bisects the ande BAG oi a 
triangle, divides the side BG in the ratio m : n, then 

. ^ » sin a 
tan/8=5 



m — ncosa 



69. Prove that the product of the perj^ndiculars from the 
angles on the opposite sides equals 

abc 

70. If lines be drawn from the angles of a triangle to the 
centre of the inscribed circle, and the points where these lines 
meet the circle are joined so as to form a new triangle : shew 
that its sides are in the ratio 

.a, a -/S. P ' y . 7 
sm7 + cos-- : sm^ + cos^ : sin-f + cos-. 
4 4 4 444 
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71. Eliminate 6 and from the equations 

a sin* ^ + i cos' fl* s= a, 

h sin' ^ + acos' <f> = 13, 
d^tan ^ = & i:an ^. 

a 6 a p 

72. Shew that the value of a cos 20 + b sin 2^, when 

tan 5 = - is a, 
a 

73. Find all the values of x which satisfy the equation 

vers"^ (1 + a?) - vers'^ (!-») = tan"^ 2 V(l - «*)• 

Ans, +1, - . 

74. In the three edges of a cube which meet at one angle, 
three points A, B, G are taken at distances a, b, c from mat 
angle respectively. The area of the triangle ABC is 

75. Determine x from the equation tan (a + x) =m tan x, 
and explain the result when m=^l, 

76. If AD, AE be drawn bisecting the interior and ex- 
terior angles at -4 of a triangle ABC, and r^, r,, r^ r^ be the 
radii of the circles circumscribing the triangles JlBD, A CD, 
ABE, A GE respectively, then r^r^ = r^r^, 

77. Having given the area, base, and vertical angle of a 
triangle, find the other angles. 

78. Having given two sides of a triangle, and the differ- 
ence of the angles opposite them, determine the angles, 

79. If the angle a be divided into two parts so that their 
versed sines may be in the ratio nh : n, one part is 



2 cot'^ -loot ^ + A /— cosec-^ • 
( 2 V ^ 2j 
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80. If r, r' be radii of the circiimscribecl and inscribed 
circles of a legnlar polygon of n sides, shew that 

r + r'=acot^, 
where a is one of the sides. 

81. Find the number of acres in a field whose sides are 
400, 300, 300, 300 yards respectivelj, and one angle adjacent 
to the largest side is a right angle. 

125 
-^w*. jrrx (5 Vll + 24) acres. 

242 

82. In a triangle 

sin* - + sin' ^ + sin* ^ + 2 sin - sin |- sin ^ = 1 . 

oo ai. xT- J. sin a ± sin na + sin (2n — 1) a , 

83. Shew that = ; );: -(— = tan wa. 

cos a ± cos wa + cos (2n — 1) a 

84. If the sides of a triangle are in arithmetical progres- 
sion, the perpendicular on the mean side from the opposite 
angle, and the radius of the escribed circle touching the mean 
side, are each three times the radius of the inscribea circle. 

85. If acos'5 + &sin'^ = mcos'^, 

a sin* + b cos' d = n sin' ^, 
m tan' 5 = n tan' 0^ 
then (a + h){m + n) = 2«in. 

86. If a+/8+7=:180°, 

sina + sin/8 -f sin7 = 4 cos- cos ^ cos ^ . 

A Jd It 

87. If a + /3 + 7 = 180*, then 

oi B y Oi ' B ,7 

cot - cot^ cot-5 = cot - + cot ^ + cot ^ . 

2 ^ ^ A A I 
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88. The distance between the centres of two wheels is a, 
and the sum of their radii is c : shew that the length of a 
string which wraps round them and crosses between them is 



2*/{a^-(?) + c(ir + 2Bia'^\ 



89. An object a feet high at the top of a tower subtends 
a given angle a at a distance d firom the foot of the tower. 
The tower's height is 

(^ t V{a*+4=(f (gcotg — cZ)} 
^2* 2 

Explain the negative result. 

90. If cos"* a? + cos"^ (1-^^) =»cos"* (— a?)> then aj = i or 0. 

91. In a triangle, if a,l,che in arithmetical progression, 
then 



in^a + ^j = 2 8in^. 



sm 

92. Shew that cot 7 = - cosec a — cot a, and adapt the 
result to logarithmic computation. 

93. Shew that tan tan (60 + ^ tan (60 - ^ = tan SB. 



94. If 5^^- = ^, then 
cosfaj — a) 1 + w' 



(aj-a) 
tan (46''-a?) = «i cot (45^ - a). 

95. The hypothenuse AB of a right-angled triangle A CB 
is divided in i? so that AD : BD^GBi GA. Shew that 

U^AGD^i, GB^^l^^. 
o a 4- 6 

96. If tan"* a? + i sec"* 505 «= 45^, then a;=±i 
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97. J£ 1^ lamm dimwn from the imgles of a trinngte per* 
^ ' vy tbe opposite sides meet in a point wiu'^e ai^ 
s the three angles axe />, q^ r, respectiTeIy» then 
tbe JBca d ibe tziangle is 

jipa-hqh + rc). 
9S^ Tbe area of the triangle formed bj joining the centres 



'3f the CBdibed dides is ^-777 r? — ^w xt* 

99. Shew that 

8ec»(a + 45^-sec"(a-45*)-4tan8a8ec2a, 

100. If G08 (a-- 2a) + cos {<r^2P) » cos ((r^^) +cos (<r-.28), 
where 0-=^ 84-/3 + 7 + Sy then tana tanj3«tan7 tan S. 

101. One angle of a triangle is 60^ and the sides including 
it are in the ratio 5 : 3. The other angles are 

tan-*i^andtan-*5V8. 
7 

102. If the sides of a triangle ABC he divided into parts 
At i>, Ey F which have to one another the same ratio m : 1. 
Shew that if points D, E, Fh^ joined, the triangles ADFy 
BDE, CEF are aU equal, and that 

ADEF: AABG^n^-n + l : (n + l)». 

103. If cos a = cos )8 cos ^ = cos ^8* cos 0', 

and sin a ss 2 sin ^ sin ^ • 

Stew that tan - = tan ^ tan ^. 

104. A person walking along a straight road observes 
Aat the greatest angle which two objects make with each 
Qthet is a: from the point where this happens he walks 
^ 7^dfi[, and the objects there appear in the same straight line 
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making an angle fi with the road : the distance 1)etween the 
objects is 

2a sin a sin)3 

cos a — cos ^ 

105. Shew that 

106. A circle is described about a triangle ABC, and a 
new triangle is formed by joining the points of bisection of the 
arcs subtended by the sides of ABC. Shew that the angles 
of this triangle are 

90-|, 90-f, 90-|. 

And the sides are 

a he 



2sm- 28m^ 2.sm^ 

and its area : area of triangle ABO= 1 : 8 sin -sin^ sin^ . 

107. Three circles whose radii are a, b, c touch each other 
extemallj ; prove that the tangents at the points of contact 
meet in a pomt whose distance from any one of them is 



/ / die \ 
^[a + b + cj' 



108. If a = cosec ^ tan' 5 (cosec' ^ + 1) + sec 0, 
and 6 = tan'5(cosec'5 + l) — tantf, 

then a«-.i* = 2«. 

109. A person wishing to determine the length of an in- 
accessible wall places himself due south of one end, and due 
west of the other, at such distances that the angles which the 
wall subtends at the two positions are each equal to a. Ifc^'be 
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the distance between the two positions^ the lengUi of the wall 
is a tana* 

110. A vessel observed another vessel a*^ from the north 
sailing in a direction parallel to its own. After an hour's 
sailing its bearing was /3^, and after another hour 7°. In 
what direction were the vessels sailing? 

Ans. ii^ + tan-|tan«l=iEcot(;8-?^)}, 

^, . ^ _, tanSftan a + tan7) — 2tanatan7 

or otherwise, tan — ^- — 5 — .. , . ; . 

2 tan p — (tan a + tan 7) 

111. A circle is inscribed in a triangle and tangents drawn 
parallel to each side and intercepted by the other two. If 
7, m, n be the lengths of the tangents opposite the sides a, ^, c 
respectively, then 

a b c 

112. A circle is inscribed in a triangle; similar triangles 
are cut off by tangents to the circle, and m these triangles are 
inscribed other circles. Shew that the radius of the first is 
equal to the sum of the radii of the others. 

113. Two squares may be inscribed in a right-angled 
triangle, one having two sides lying on the sides of the 
triangle, and the other having one side on the hypothenuse. 
Shew that the latter is always the greatest 

114. The distance between the centres of the inscribed 
and circumscribed circles is V(^ -- 2-Br). 

115. In the triangle ABC, B'C is drawn through A 
parallel to BG, and A'B' through G perpendicular to -4(7, 
and A'C through B perpendicular to An. Shew that the 
area of the triangle AB' G' is 

a' cos' ()8 — 7) 

2 ' cos )8 cos 7 sin a ' 
B. T. 8 
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8yo. cloth, 12«. 

"*#* The two following Books are included in the Three Volumes of Charges, and 

may still be had separately. 

HAKB.— The Contest with Rome. 

With Notes, especially in answer to Dr. Newman's Lectures on Present Position 
of Catholics. Second Edition. 8vo. cloth, lOs. 6d, 

HARE.— Charges delivered in the Tears 1843, 1845, 1846. 

Never before published. With an Introduction, explanatory of his position 
in the Church with reference to the parties which divide it. 6s. 6d, 

HARE.— Portions of the Psalms in English Verse. 

Selected for Public Worship. ISmo. cloth, 2s. 6d, 

HARE.— Two Sermons preached in Herstmoncenx Chnrch, 

on Septuagesima Sunday, 18&5, being the Sunday after the Funeral of the 
Venerable Archdeacon Hare. By the Rev. H. VENN ELLIOTT, Perpetual 
Curate of St. Mary's, Brighton, late Fellow of Trinity College, Cambridge, 
and the Rev. J. N. SIMPKINSON, Rector of Biington, Northampton, 
formerly Curate of Herstmoncenx. 8vo. 1«. 6d. 

HARDWICK— Christ and other Masters. 

A Historical Inquiry into some of the chief Parallelisms and Contrasts 
between Christianity and the Religious Systems of the Ancient World. With 
special reference to prevailing Difficulties and Objections. By CHARLES 
HARDWICK, M.A., Christian Advocate in the University of Cambridge. 
Part I. Introduction. Pakt II. The Rsliqions or India. Part III. 
Thk Religions of China, Amekica, and Oceanic a. 8vo, cloth. 7s. 6d. 
each part. 

HARDWICK.— A History of the Christian Church, from 
Gregory the Great to the Reformation. (A.D. 590-1600.) 

Two vols, crown 8vo. cloth, 21«. 

Vol. I. contains The History from Gregory the Great to the Ezcommuniea- 
tion of Luther. With Maps. 
Vol. II. contains The History of the Reformation in the Church. 

Each volume may be had sepaiTitely. Price 10«. 6d. 
*«* These Volumes form part of the Series of Theological Manuals. 
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HABDWICE.— Twenty Sennons for Town Congregations. 

Crown 8vo. cloth, 6t. Gd, 

HABDWICE—The Universities and the Chnrch of England. 

8vo. sewed, 6d, 

HEMMING.— An Elementary Treatise on the Differential 

and Integral Calculus. By G. 1?. HEMMING, M.A. Fellow of St. John's 
College, Cambridge. Second Edition. 8vo. cloth, 9«. 

I 

HENSLET.— A Sermon Preached on Commemoration Day, 

1855, in Trinitf College Chspel. By L. HEN8LEY, M.A. Vicar of Hitchin, 
Herts. Svo. If. 

HEBVET.— The Genealogies of our Lord and Savionr Jesus 

Christ, as contained in the Gospels of St. Matthew and St. Luke, rrcoaeiled 
with each other and with the Genealogy of the House of David, trota A4 vai to 
the close of the Canon of the Old Testament, and shown to be in harmony with 
the true Chronology of the Times. By Lord ARTHUIl HERVEY, M.A. 
Rector of Ickworth. 8to. cloth, lOs. 6d. 

HEBVE7.— The Inspiration of Holy Scripture. 

Five Sermons preached before the University of Cambridge. 8vo. doth, 3«. 6d. 

HEBVE7. -A Suggestion for supplying the Literary Institutes 

of England with Lecturers from the Universities. 8vo. sewed, 6<f. 

HOWABD.—The Pentateuch ; or, the Five Books of Moses. 

Translated into English from the Version «f the LXX. With Notes on its 
Omissions and Insertions, and also on the Passages in which it differs from 
the Authorised Version. By the Hon. HEI^RY HOWARD, D.D. Dean of 
Lichfield. Crown 8vo. cloth. Genesis, 1 vol. Bs. 6d. ; Exodus and Leviticus* 
1 vol. lOf. 6d. ; Numbers and Deuteronomy, 1 vol. lOs. 6d, 

HUMPHBE7S.— Exercitationes lambicae; or, Progressive 

Exercises in Greek Iambic Verse. To which are prefixed the Rules of Greek 
Prosody, with copious Notes and Illustrations of the Exercises. By E. R. 
HUMPHREYS; LL.D. Head Master of the Cheltenham Grammar School, 
Second Edition. Fcap. cloth, St, 6d. 

INGLEBT.-Outlines of Theoretical Logic. 

Founded on the New Analytic of Sib William Hamtltok. Designed for a 
Text-book in Schools and Colleges. By C. MANSFIELD INGLEBY, M.A. 
of Trinity College, Cambridge. In fcap. 8vo. cloth, 8«. 6tf. 

JEWELL.-- An Apology of the Church of England, aud an 

Epistle to Seignior Scipio concerning the Council of Trent, translated from the 
original Latin, and illustrated with Notes, chiefly drawn firom the Author's 
" Defence of the Apology." By A. T. RUSSELL. Fcp. 8vo. bda. Ss, 
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JUSTIN MARTTB.— S. Jastini Fhilosophi et Martyris 

Apologia Prima. Edited, with a corrected Text, and English Introduction 
with ezplanatory Notes, by W. TROLLOPE, M.A. Pembroke College, Cam- 
bridge. 8vo. bds. 7t. 6tf. 

JUVENAL.— Javenal, for Schools. 

With English Notes. By J. £. B. MAYOlt, M.A. Fellow and Classical 
Lecturer of St. John's College, Cambridge. Crown 8vo. cloth, 10«. 6d, 

KENNEDY.— The Influence of Christianity on International 

Law. By C. M. KENNEDY, of Caius College, Cambridge. Cro¥m 8to. 
elotb, 4*, 

EIN6SLE7.— Two Tears Ago. 

By CHARLES KINGSLEY, F.S.A. Author of " Hypatia." Second 
Sdition. S vols, crown Svo. cloth, U. Us. 6d. 

KINGSLEY.—" Westward Ho !" or, the Voyages and Adven- 
tures of Sir Aniyas Leigh, Knight of Burrough, in the County of Devon, in 
the Reign of Her Most Glorious Majesty Queen Elizabeth. Third Edition. 
Crown 8vo. cloth, 7t. 6tf. 

KINGSLEY.— The Heroes: or, Greek Fairy Tales for my 

Children. With Eight Illustrations by the Author. In 8vo. beautifully 
printed on tinted paper, and elegantly bound in cloth,,with gilt leaves, 7s. 6d. 

KINGSLEY.— Glaacas ; or, the Wonders of the Shore. 

Third ZSditioni corrected and enlarged. With a Frontispiece. Fcap. 8vo. 
elegantly bound in cloth, with gilt leaves, 3s. Gd, 

KINGSLEY.— Alexandria and Her Schools: being Fonr Lec- 
tures delivered at the Philosophical Institution, Edinburgh. With a Preface. 
Crown 8vo. cloth, 5s. 

KINGSLEY.— Fhaethon ; or Loose Thoughts for Loose 

Thinkers. Second Edition. Crown 8vo. boards, 2«. 

LECTURES to Ladies on Practical Subjects. 

By Rev. P. D. MAURICE. By P. J. STEPHEN, Esq. 

Rev. C. KINGSLEY. Archdeacon ALLEN. 

Dr. GEORGE JOHNSON. Dean TRENCH. 

Dr. SIEVEKING. 
Rev. J. LL. DAVIES.^ 
Dr. CHAMBERS. 

Third Bditton. 7s. ed, 

LUDLOW.— British India; its Races, and its History, con- 
sidered with reference to the Mutinies of 1857. A Series of Lectures. By 
JOHN MALCOLM LUDLOWi Barrister^at-Law. 2 vols. fcap. 8vo. cloth, 9s. 
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LUSHINGTON.— La Nation Boatiqtd^re : and other Poems, 

chiefly Political. With a Pref)&ce. By the late HENRY LUSHINGTON, 
Chief Secretary to the Governor of Malta. Points Of Wai'* By 
FRANKLIN LUSHINGTON, Judge in the Supreme Courts of the Ionian 
Isles. In 1 vol. fcap. 8vo. cloth,3«. 

MACKENZIE.— The Christian Clergy of the first Ten Cen- 
turies, and their Influence on European Civilization. By HENRY 
MACKENZIE. B.A. Scholar of Trinity College, Cambridge. Crown 8vo. 
cloth, 6i. 6d. 

MACLEAR.— Incentives to Virtue, Natural and Eevealed. 

By G. F. MACLEAR, B.A. Scholar of Trinity College, Cambridge. Crown 
8vo. sewed, U. 6d. 

MANSFIELD.— Paraguay, Brazil, and the Plate. 

With a Map, and numerous Woodcuts. By CHARLES MANSFIELD, M.A. 
of Clare College, Cambridge. With a Sketch of his Life. By the Rer. 
CHARLES KINGSLEY. Crown Svo. cloth, I2s. 6d, 

M'COY.— Contributions to British Palaeontology; or, First "De- 
scriptions of several hundred Fossil Radiata, Articulata, Mollusca, and Pisces, 
ftom the Tertiary, Cretaceous, Oolitic, and Palaeozoic Strata of Great Britain. 
With numerous Woodcuts. By Fbederick McCoy F.G.S., Professor of 
Natural History in the University of Melbourne. Svo. cloth, 9s, 

MASSON.— Essays, Biographical and Critical; chiefly on the 

English Poets. By DAVID MASSON, M.A. professor of English 
Literature in University College, London. Svo. cloth, I2s, 6d. 

MAURICE.— Expository Works on the Holy Scriptures:— 
I.— The Patriarchs and Lawgivers of the Old Testament. 

Second Bdltion. Crown Syo. cloth, 6«. 

ThisYolume contains Discourses on the Pentateuch, Joshua, Judges, 
and the beginning of the First Book of Samuel. 

n.— The Prophets and Kings of the Old Testament. 

Second Bdition. Crown Svo. cloth, lOs. 6d. 
This volume contains Discourses on Samuel I. and II., Kings I. and II. 
Amos, Joel, Hosea, Isaiah, Micah, Nahilm, Habakkuk, Jeremiah, 
and Ezekiel. 

m.— The Unity of the New Testament. 

Svo. cloth, lis. 

This Volume contains Discourses on the Gospels of St. Matthew, 
St. Mark, and St. Luke ; the Acts of the Apostles ; the Epistles of 
St. James, St. Jude, St. Peter, and St. Paul. 

IV.— The Gospel of St. John; a Series of Discourses. 

Second Bdltion. Crown Svo. cloth, lOs. 6d, 

v.— The Epistles of St. John ; a Series of Lectures on 

Christian Ethic8. Crown Svo. cloth, 7s. 6d, 
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MAURICE.— Expository Works on the Frayer-Book. 
L—The Ordinary Services. 

Second Bdition. Fcap. 8to. cloth, 5«. 6d. 

II.— The Church a Family. Twelve Sermons on the 

Occasional Services. Fcap. 8vo. cloth, 4s. 6d. 

MAURICE.— Lectures on Ecdesiasticai History. 

By Fbxdbrick DxiriaoK Maukicc, M.A.p Chaplain of Lincoln's Inn. 
8vo. cloth, lOs. 6d. 

MAURICE.— Theological Essays. 

Second Bdition, with a new Preface and other additions. Crown 8vo. 
cloth, 10«. 6d, 

MAURICE.— The Doctrine of Sacrifice dedaced from the 

Scriptures. With a Dedicatory Letter to the Young Men's Christian Associa- 
tion. Crown 8vo. eloth, 7«. 6d. 

MAURICE.— Christmas Day, and other Sermons. 

8to. cloth, 10*. 6d. 

MAURICE.— The Religions of the World, and their Relations 

to Christianity. Third Edition. Fcap. Svo. cloth, 5«. 

MAURICE.— On the Lord's Prayer. 

Third Bdition. Fcap. 8vo. cloth, 2s. 6d, 

MAURICE.— On the Sabbath Day: ; the Character of the 

Warrior; and on the Interpretation of History. Fcap. 8vo. cloth, 2s. 6tf. 

MAURICE.— Learning and Working.— Six Lectures on the 

Foundation of Colleges for Working Men, delivered in Willis's Rooms. 
London, in June and July, 1854. Crown 8to. cloth, 5s. 

MAURICE.— The Indian Crisis. Five Sermons. 

Crown 8yo. eloth, 2s. 

4 

MAURICE.— Law's Remarks on the Fable of the Bees. 

Edited, with an Introduction of Eighty Pages, hy FREDERICK DENISON 
MAURICE, M.A. Chaplain of Lincoln's Inn. Fcp. 8vo. cloth, 4s. 6tf. 

MAURICE.— Miscellaneous Pamphlets:— 
I.— Eternal Life and Eternal Death. 

Crown 8vo. aewed, Is. %d, 

II.— Death and Life. A Seitnon. Jn jinnittfw c. s. nt. 

8vo. sewed, If. 
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MAURICE.— Miscellaneous Pamphlets, continaed:— 

m— Plan of a Female College for the Help of the Rich 

and of the Poor. 8vo. 6d, 

IV.— Administrative Reform. 

Crown 8vo. ^d, 

v.— The Word "Eternal," and the Punishment of the 

Wicked. Fifth Thousand. 8to. U. 

VI.— The Name "Protestant:" and the English Bishopric 

at Jerusalem. Second Bdltton. Sro. 3«. 

Vn.— Right and Wrong Methods of Supporting Pro- 
testantism. 8vo. If. 

Vin.— Thoughts on the Oxford Election of 1847. 

8vo. U. 

IX.— The Case of Queen's College, London. 

8vo. If. 6tf. 

X.— The Worship of the Church a Witness for the 

Redemption of the World. 8yo. sewed, 1«. 

MAYOR.— Cambridge in the Seventeenth Century. 

2 vols. feap. 8vo. cloth, \3s. 

Vol. I. contains The Lives of Nicholas Ferrar. 

Vol. II. contains The Autobiography of Matthew Robinson. 
By JOHN E. B. MAYOR, M.A. Fellow and Assistant Tutor of St. John's 
College, Cambridge. 
*«* The Autobiography of Matthew Robinson may be had separately, price Ssi, 6d» 

MINUCIUS FELIX.— The Octavius of Minucius Felix. 

Translated into English by LORD HAILES. Fcap. 8vo. cloth, Zs. 6d, 

MORSE.-— Working for God ; Four Sermons Preached before 

the University of Cambridge. By FRANCIS MORSE, M.A. Incumbent of 
St. John's, Ladywood, Birmingham. Cjrown 8vo. sewed, 2t. 6d, 

NAPIER.— Lord Bacon and Sir Walter Raleigh. 

Critical and Biographical Essays. By MACVEY NAPIER, late Editor 
of the Edinburgh Hwiew and of the Encyclopadia Briiannica, Post 8vo. 
cloth, It. 6d. 

NIND.-Sonnets of Cambridge Life. By Rev. W. NIND, M.A. 

late Fellow of St. Peter's College. Post 8vo. boards, 2$, 

NIND.— The German Lyrist; or. Metrical Versions from the 

principal German Lyric Poets. Crown 8vo. cloth» 3«. 

NIND.— The Odes of Klopstock Translated. 

Fcap. 8vo. cloth, 6«. 
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HIND.— Italy and Vieiina in 1851. 

A Seriet of Lelteri. Pcap. 8vo. doth, 5t. 6d. 

NOBRIS.— Ten School-Room Addresses. 

Edited by J. P. NORRIS, M.A. Fellow of Trinity College, and one of Her 
lii^eety'i Inspectors of Sebools. 18mo. sewed, M. 

N0BWA7 AND SWEDEN— A Long Vacation Bamble in 

18M. By X and Y. Crown Svo. cloth, 6t. 6d. 

PARKINSON.— A Treatise on Elementary Mechanics. 

For the Use of the Junior Classes at the Uniyerslly, and the Higher Classes in 
Schools. With a Collection of Examples. ByS. PARKINSON, M.A. Fellow 
and Assistant Tutor of St. John's College, Cambridge. Crown 8to. cloth, 9«. 6tf. 

PARMINTER— Materials for a Grammar of the Modem 

English Language. Designed as a Text-book of Classical Grammar for the 
use of Training Colleges, and the Higher Classes of English Schools. By 
GEORGE HENRY FARMINTER, of Trinity College, Cambridge; Rector 
of the United Parishes of SS. John and George, Exeter. Fcap. 8vo. cloth, Ss. 6d. 

PAYN.— Poems. 

By JAMES PAYN. Fcp. Svo. cloth, 5s. 

PA7NE.— Decaeus ; or, the Dawn of To-morrow, and The 

Bondchild. Two Sacred Allegories. By ISABEL J. PAYNE. 18mo. 
cloth, Is. 

PEACE IN WAR. fit Mmotiam E. U. 

Crown 8to. sewed, U, 

PEROWNE.-'' Al- Adjmmiieh." 

An Elementary Arabic Grammar. By J. J. S. PEROWNE, B.D. JPellow of 
Corpus Christ! College, Cambridge, and Lecturer in Divinity in King's 
Collie, London. 8vo. cloth, fi«. 

PERR7.— Sermons Preached before the University of Cam- 
bridge. By the Right Rev. CHARLES PERRY, Lord Bishop of Melbourne, 
formerly Fellow and Tutor of Trinity College, Cambridge. Crown 8vo. 
cloth, Zs. 

PHEAR.— Elementary Hydrostatics. 

fltecond fidition. Accompanied by numerous Examples, with the Solu- 
tions. Crown 8vo. cloth, 5». 6tf. 

PLAIN RULES ON REGISTRATION OF BIRTHS AND 

DEATHS. Crown 8to. sewed, Id, ; 9d. per dozen ; 5f. per 100. 
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PLATO.— The Republic of Plato. 

Translated into English, with Notes. By Two Fetlows of Trinity College, 
Cambridge, (J. LI. Davies M.A., and D. J. Vaughan, M.A.) SeCOnA 
Edition. 8vo. cloth. 

PRINCIPLES of ETHICS according to the NEW TESTA- 

MENT. Crown 8vo. sewed, 2». 

PROCTER.— A History of the Book of Common Prayer: with 

a Rationale of its Offices. By FRANCIS PROCTER, M.A., Vicar of Witton, 
Norfolk, and late Fellow of St. Catherine's College. Third SdSftion, 
revised and enlarged. Crown 8to. cloth, 10«. 6d. 
. *«* This forms part of the Series of Theological Manuals. 

PUCKLE.— An Elementary Treatise on Conic Sections and 

Algebraic Geometry. With a numerous ooUection of Easy Examples pro- 
gressively arranged, especially designed for the use of Schools and Beginners . 
By G. HALE PUCKL£» M. A., Principal of Windermere College. Second 
EdiUon^ enlarged and improved. Grown 8vo. cloth, 7». 64. 

PURCHAS.— The Priest's Dream. 

By JOHN PURCHAS, M.A. of Christ's College, Cambridge. 8yo. sewed, U. 

PURTON.— Corporate Life. 

A Sermon Preached before the University of Cambridge. By J. S. PURTON, 
B.D. Fellow and Tutor of St. Catherine's College. Bvo. sewed, U. 

RAMSA7.— The Catechiser's Manual; or, the Chnrch'Cate- 

chism illustrated and explained, for the use of Clergymen, Schoolmasters, 
and Teachers. By ARTHUR RAMSAY, M.A. of Trinity College, 
Cambridge. 18mo. cloth, 3«.6i. 

REICHEL.- The Lord's Prayer and other Sermons. 

By C. P. REICHEL, B.D., Professor of Latin in the Queen's University ; 
Chaplain to his Excellency the Lord-Lieutenant of Ireland ; and late Don> 
nellan Lecturer in the University of Dublin. Crown 8vo. eloth, 7«. 6d. 

ROBINSON.— Missions urged upon the State, on Gronndbs 

both of Duty and Policy. By C.K.ROBINSON, M.A. Fellow and Assistant 
Tutor of St. Catherine's College. Fcap. 8vo. cloth, 3«. 

RUTH AND HER FRIENDS. A Story for Girls. 

With a Frontispiece. Feap. 8vo. cloth, 5«. 

SALLUST.— Sallust for Schools. 

With English Notes. By CHARLES MERIVALE, B.D.; late Fellow and 
Tutor of St. John's College, Cambridge, frc. Author of the "History of 
Rome," &c. Crown 8vo. cloth, 5s. 
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SEDGWICK AND M'COT'S British Palseozoic Fossils, 

ClasAifled and Described. By Adam Sbdowick, F.R.S., Professor of Geology 
in the University of Cambridge, and F&»n&icx MTot, F.6.8., Professor of 
Natural History. in the University of Melbourne. With numerous Plates. 
Two VOLti 4/0. cloth, £2 2t, 

SEIiWYN.— The Work of Christ in the World. 

Sermons preached before the University of Cambridge. By the Bight Rev. 
GEORGE AUGUSTUS SELWYN, D.D. Bishop of New Zealand, formerly 
Fellovr of St. John's College. Third Edition. Crown 8vo. 2«. 

SELWTN.— A Verbal Analysis of the Holy Bible. 

Intended to facilitate the translation of the Holy Scriptures into Foreign 
Languages. Compiled for the use of the Melanesian Mission. Small folio, 
• cloth, 14«. 

SIMPSON.— An Epitome of the History of the Christian 

Church during the first Three Centuries and during the Reformation. With 
Examination Papers. By WILLIAM SIMPSON, M.A. Third Sditton^ 
Fcp. 8vo. cloth, 5«. 

SMITH.— City Poems. 

By ALEXANDER SMITH, Secretary to the University of Edinburgh. 
Author of ''A Life Drama," and other Poems. Fcap. 8vo. cloth. 5s, 

SMITH.— Arithmetic and Algebra, in their Principles and 

Application: trith numerous systematically arranged Examples, taken f^om 
the Cambridge Examination Papers. With especial reference to the ordinary 
Examination for B. A. Degree. By BARNARD SMITH, M. A., Fellow of St. 
Peter's College, Cambridge. Fifth Edition. Crown 8vo. doth, lOs. ed. 

SMITH.— Arithmetic for the use of Schools. By BARNABD 

SMITH, M.A. Fellow of St. Peter's College. New Edition- Crown Svo. 
cloth, 4s. td» 

SMITH.— A Key to the Arithmetic for Schools. 

Crown Svo. cloth, 8«. 6d, 

SNOWBALL.— The Elements of Plane and Spherical 

Trigonometry. By J. C. SNOWBALL, M.A. Fellow of St. John'i College, 
Cambridge. Ninth Edition. Crown 8yo. cloth, 7s. Bd. 

SNOWBALL.— Introduction to the Elements of Plane Trigo- 
nometry xor the use of Schools. Second Edition. 8vo. sewed, Ss. 

SNOWBALL. — The Cambridge Coarse of Elementary 

Meebanict and Hydrostatics. Adapted for the use of Colleges and Schools. 
' . -With Aumeroui Bzamplei and ProMems, Fourth Edition* Cvown Svo. 
cloth, 5s, i i 
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SWAINSON.-A Handbook to Butler's Analogy. 

By C. A. SWAINSON, M.A. Principal of the Theological College, and 
Prebendary of Chichester. Crown 8vo. sewed, 2«. 

TAIT and STEELE.— A Treatise on Dynamics, with nmne- 

reus Examples. By P. G. TAIT, Fellow of St. Peter's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast, and W. J. STEELE, 
late Fellow of St. Peter's College. Crown 8vo. cloth, lOs, 6d 

TAYLOR.— The Restoration of Belief. 

By ISAAC TAYLOR, Esq., Author of "The Natural History of Bntha- 
•iasm." Crown 8vo. cloth, Bs, 6tf. 

THEOLOGICAL Manuals. 

CHURCH HISTORY: FROM GREGORY THE GREAT TO THE 

REFORMATION (a.d. 590—1600). By CHARLES HARDWICK. With 

Four Maps, 2 vols. Crown 8vo. cloth, price W. U. 
THE COMMON PRAYER : ITS HISTORY AND RATIONALE. By 

FRANCIS PROCTER. Third Bditton. Crown 8to. cloth, 10«. Gd. 
A HISTORY OF THE CANON OF THE NEW TESTAMENT. By 

B. F. WESTCOTT. Crown 8vo. cloth, 12f. 6d. 

*»* Others are in progress, and will be announced in due time. 

THRING.— A Construing Book. 

Compiled by the Re\r. EDWARD THRING, M.A. Head Master of Up- 
pingham Grammar School, late Fellow of King's College, Cambridge. Fcap. 
8to. cloth, 2«. 6tf . 

THRING.— The Elements of Grammar taught in English. 

Second Edition. ISmo. bound in cloth, 2s. 

THRING.— The Child's Grammar. 

Being the substance of the above, with Examples for Practice. Adapted for 
Junior Classes. A NeiRT Edition. ISmo. limp cloth, 1«. 

THRUFP.— Antient Jerusalem : a New Investigation into the 

History, Topography, and Plan of the City, Environs, and Temple. Designed 
principally to illustrate the records and prophecies of Scripture. With Map 
and Plans. By JOSEPH FRANCIS THRUPP, M.A. Vicar of Barringtoa, 
Cambridge, late Fellow of Trinity College. 8vo. cloth, IBs. 

THRUPP.- Psahrife and Hymns for Public Worship. 

18mo. cloth, 2s. i limp clotH, U. 4d. 

THUCTDIDES, BOOK VI. With English Notes, and a Hap. 

By PERCIVAL FROST, Jun. M.A. Ute FeUow of St. Johtt'a College, 
Cambridge. Sro. 7s. M. 
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TODHUNTEB.— A Treatise on the Differential CalciiliiB ; and 

the Elements oCthe Integral Caleulni. With numerous Bxamplet. By 
I. TODHUNTER, M.A., Fellow and Assistant Tutor of St. John's College, 
Cambridge. Second Bdition. Crown 8vo. cloth, 10«. 6d, 

TODHUNTEB.— A Treatise on the Integral Caleolns. 

with numerous Examples. Crown Svo, cloth, lOjt. 6d, ; 

TODHUNTEB. — A Treatise on Analytical Statics, with 

numerous Ezamplss. Crown 8to. cloth, 10«. 6d, 

TODHUNTEB.— A Treatise on Conic Sections, with 

numerous Examples. Crown 8to. cloth, 10s, 6d, 

TOM BBOWK'S SCHOOL DATS. 

By AN OLD BOY. Fifth Bdition. Crown Svo. cloth, 10«. Sd, 

TBENCH.— Synonyms of the New Testament. 

By The Very Rev. RICHARD CHENEVIX TRENCH, D.D. Dean of West- 
minster. Third Sdition. Feap. 8to. cloth, 5s. 

TBENCH.—Hnlsean Lectures for 1845—46. 

CovTzvTs. 1.— The Fitness of Holy Scripture for unfolding the Spiritual Life 
of Man. 2.— Christ the Desire of all Nations ; or the Unconscious Pro- 
phecies of Heathendom. Third Edition. Foolscap Svo. cloth, 6«. 

TBENCH.— Sermons Preached before the University of Cam- 

hridge. Fcap. Svo. cloth, 2s, 6d. 

VAUGHAN.— Sermons preached in St. John's Church, 

Leicester, during the years 1S55 and 1856. By DAVID J. VAUGHAK, M.A. 
Fellow of Trinity College, Cambridge, and Incumbent of St. Mark's, White- 
^ chapel. Crown Svo. cloth, Ss. 6d, 

WA6NEB.—Memoir of the Bev. George Wagner, late of St 

Stephen's, Brighton. By J. N. SIMPKINSON, M.A. Rector of Brington, 
Northampton. Second Bdition* Crown Svo. cloth, 9s. 

WATEBS OF COMFOBT.— A Small Volnme of Devotional 

Poetry of a Practical Character. By the Author of ** Visiting my Relations." 
Feap. Syo.'doth, is. 

WESTCOTT.— A general View of the Histoiy of the Canon of 

the New Testament during the First Four Centuries. By BROOKE FOSS 
WESTCOTT, M.A., Assistant Master of Harrow School; late Fellow of 
Trinity College, Cambridge. Crown Svo. cloth, I2s, 6d, 
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